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Abstract 



We investigate tlie Sherali-Adams lift & project hierarchy applied to a graph isomorphism polytope 
whose integer points encode the isomorphisms between two graphs. In particular, the Sherali-Adams 
relaxations characterize a new vertex classification algorithm for graph isomorphism, which we call the 

("^ ' generalized vertex classification algorithm. This algorithm generalizes the classic vertex classification 

04 , algorithm and generalizes the work of Tinhofer on polyhedral methods for graph automorphism testing. 

We establish that the Sherali-Adams lift & project hierarchy when applied to a graph isomorphism 
polytope needs Q.{n) iterations in the worst case before converging to the convex hull of integer points. 
We also show that this generalized vertex classification algorithm is also strongly related to the well-known 

\^ • Weisfeiler-Lehman algorithm, which we show can also be characterized in terms of the Sherali-Adams 

(-H \ relaxations of a semi-algebraic set whose integer points encode graph isomorphisms. 

-)— > 

1 Introduction 

.. Classical combinatorial optimization problems have been traditionally approached by means of linear pro- 

►^ , gramming relaxations. Recently, there has been significant interest in understanding lift-and-project tech- 

^N^ ' niques for constructing hierarchies of such relaxations for combinatorial problems. These lift-and-project 

CO . methods lift relaxations to refined systems of polynomial equations and inequalities, and project back to the 

>0 ' original space, offering tighter approximations of the convex hull in question. Such lift-and-project proce- 

dures have been proposed by Lovasz and Schrijver \1Q\, Lasserre [7|, Sherali-Adams [13^, among many others. 
C^^ ' The key computational interest in these relaxations is that linear optimization over the /c*'' relaxation can 

^—^ , be done in polynomial time for fixed k. 

Many relaxations of combinatorial problems have been investigated using these methods. These methods 
have been shown not to converge in polynomial time for various NP-hard problems. Arora, BoUobas, Lovasz 
and Tourlakis [1] prove that Vertex Cover does not converge after ri(elogn) rounds of Lovasz-Schrijver in 
the worst case, where n is the number of vertices. Shoenebeck, Trevisan, and Tulsiani show that Max Cut 
$H ' does not converge after fl(en) rounds of Lovasz-Schrijver in the worst case. Shoenebeck further proved that 

Vertex Cover and /c-Uniform Hypergraph Vertex Cover require at least fl(n) rounds of the Lasserre relaxation 
in the worst case. 

The problems of determining whether a simple undirected graph has a non-trivial automorphism (graph 
automorphism problem) and whether two simple undirected graphs are isomorphic (graph isomorphism 
problem) are important problems in complexity theory as they are two of the few problems not known to be 
in P nor to be iVP-complete. The combinatorial approaches such as the Weisfeiler-Lehman method ([TB]) do 
not give a polynomial time algorithm for graph automorphism or graph isomorphism CS"). It is then natural 
to study lift-and-project techniques to approach the graph isomorphism and automorphism problems applied 
to algebraic sets of points encoding graph automorphism and isomorphism. In [5] , the authors investigated 
semidefinite relaxations of sets of points encoding the graph isomorphism and automorphism problems. In 
this paper, we investigate the application of the Sherali-Adams technique to sets of points that encode 
the graph isomorphism and automorphism problems towards the ultimate goal of better understanding the 
Sherali-Adams technique and the complexity of these problems. 
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Specifically, we show that the Sherali- Adams relaxations of a well-known polytope encoding of graph 
isomorphism do not converge after il{n) steps in the worst case. In order to do this, we show that the 
Sherali- Adams relaxations of this polytope correspond to an algorithm for graph isomorphism that is strongly 
related to the famous Weisfeiler-Lehman algorithm; this result can be thought of as a /c-dimensional analog 
of the work of Tinhofer [141 . Lastly, we also give a semi- algebraic set encoding of graph isomorphism whose 
Sherali-Adams relaxations correspond to the Weisfeiler-Lehman algorithm. There is thus a surprisingly 
strong correspondence between combinatorial approaches and polyhedral approaches to graph isomorphism. 

1.1 Background 

In this section, we introduce some of the most prevalent algorithms to deal with the graph isomorphism and 
automorphism problems. 

For the remainder of the exposition, we consider simple undirected graphs with vertex set V = {1,2, ..., n}. 
We denote the set of edges of a graph G by Eq and the adjacency matrix of G by Aq- The neighbors of 
a vertex u d V are the vertices in the set Sg{u) — {v ^ V : {u,v} G Eq}. An isomorphism from a graph 
G to a graph H (both with vertex set V) is a bijection i/j : V ^ V that is adjacency preserving. That is, 
{u, v} G Eg if and only if {ip{u), i^iv)} G Eh- When G — H, we call ip an automorphism of G. We denote 
the set of automorphisms of a graph G as AUT{G) and the set of isomorphisms from graphs G to i? as 
ISO{G,H). 

A famous combinatorial approach for the graph automorphism and isomorphism problems is the classic 
vertex classification algorithm (see e.g. [6j[T2l[ll]) (C-V-C algorithm). In the C-V-C automorphism algo- 
rithm, the vertex set T^ of a graph G is partitioned into equivalence classes {Vi, V2, . . . , Kn} that are invariant 
under automorphisms, that is, for all automorphisms tp G AUT{G), we have V'(^) = {'0(i') '■ v € Vi} = Vi 
for all 1 < i < m. If the C-V-C algorithm returns a complete partition, that is, |T^| = 1 for 1 < i < m, then 
G is asymmetric (i.e. has no non-trivial automorphism). The C-V-C algorithm starts from the trivial vertex 
partition {V} and proceeds by iteratively refining the vertex partition based on the equivalence classes of 
the neighbors of a given vertex. In particular, given a vertex partition {Vi, V2, . . . , Vm}^ the vertices u,v d Vi 
for 1 < i < m are in the same refined equivalence class in the next iteration if \Sg{u) H Vj| = \Sg{v) fl Vj\ for 
1 < j < m. This process is repeated until the partition stabilizes, which happens in at most n iterations. 

For the isomorphism problem, the C-V-C isomorphism algorithm partitions the vertex sets of graphs 
G and H into equivalence classes (Vi, ..., Vm) and (Wi, ..., Wm) respectively such that for all isomorphisms 
ip £ ISO{G,H) we have ip{Vi) = Wi. If \Vi\ ^ \Wi\ for some 1 < i < m, then there is no isomorphism 
from G to H, and also, if there exists u G Vs and v € Wg such that |(5g(u) fl V,| ^ \Sh{v) D Wj\ for some 
1 < j < m, then again there is no isomorphism from G to H. The sequences (Vi, ..., Vm) and {Wi, ..., Wm) 
are each constructed separately using the C-V-C automorphism algorithm with the modification that the 
sets in the partition are ordered at each stage in a way that is invariant under isomorphism (see Section 12.41 
for details). 

Despite the simplicity of the C-V-C algorithm, it works well in practice and is the basis of many imple- 
mentations of graph isomorphism and graph automorphism testing including the well-known nauty package 
of McKay [TT]. Such empirical successes have been theoretically justified by many authors (see [4], [3], [2]). 
Notably, a slight variant of the C-V-C algorithm gives a linear-time graph isomorphism algorithm that works 
for almost all graphs [2]. Despite its generic success, the C-V-C algorithm does not work at all for some 
of the most important classes of graphs, namely regular graphs. Indeed, if the graph is regular, then the 
C-V-C algorithm returns the trivial partition. Despite this, the algorithm is a well known tool used in graph 
isomorphism algorithms in order to drastically reduce the search space of candidates, and the algorithm can 
be combined with backtracking technique in order to have a complete algorithm (see e.g., |11|). 

The ineffectiveness of the C-V-C algorithm on regular graphs prompted the need for an extension of the 
method giving rise to the Weisfeiler-Lehman algorithm [15l [16] (W-L algorithm) . The aim of the fc-dim W-L 
algorithm is to partition the set of fc-tuples of vertices, V'' = {(ui, ■■■,Uk) ■ mi, ■■■,Uk € V}, into equivalence 
classes {Vi, ...,Vm} that are invariant under automorphism meaning that V'(^i'^) = {{i^iui), ■■•,'0(wfc)) : u G 
yA} — V,l^ for aU i/" G AUT{G). If the partition is complete, that is, \Vl^\ — 1 iov i — 1, ...,m, then the graph 
G is asymmetric. In the /c-dim W-L algorithm, we start with a partition {Vi , ..., V^} of fc-tuples of vertices 
into subgraph type, that is, w = w if and only if Ui = Uj -^ Vi = Vj and {ui,Uj} G Eg <=> {vi,Vj} G Eg 
for all 1 < i < j < n, or in other words, the ordered subgraphs of G induced by the ordered sets of 



vertices {ui, ...,Uk} and {vi,...,Vk} are identical. Then, analogous to the C-V-C algorithm, we iteratively 
refine the partition as follows: the vertices u,v G Vj^ for 1 < i < m are in the same refined equivalence 
class in the next iteration if there exists a bijection ^ : V —^ V such that (wi, ..., Wr-i,u',Ui.+i, ...,Ufe) = 
{vi, ...,Vr-i,ip{w),Vr+i, ...jVk) for all 1 < T < fc and for all w ^ V. Note that the n-dini W-L algorithm is 
trivially necessary and sufiicient due to the conditions on the initial partition. 

For the isomorphism problem, analogous to the C-V-C algorithm, the fc-dim W-L algorithm partitions V'^ 
into two sequences of equivalence classes {V^,...,Vj^) for G and {Wi, ..., W^) for H such that V'(^'^) = W^ 
for all ip £ ISO{G, H). The partitions are constructed in a similar manner to the automorphism case (see 
Section [^751 for details). 

The fc-dim W-L algorithm does not give a polynomial time algorithm for the graph isomorphism problem 
as established in [5] where they constructed a class of pairs of non- isomorphic graphs (G'„,iJ„) with 0{n) 
vertices such that the W-L algorithm needs n,{n) iterations to distinguish the graphs. The graphs (Gn,,7f„) 
are presented in [5]. 

Isomorphisms of graphs can naturally be represented by permutation matrices: an isomorphism -0 e 
ISO{G,H) can be represented by the n by n matrix X^ = {Xuv)i<u,v<n with Xuv = 1 if ipiu) = v, 
and Xuv = otherwise. We define ^g.h ^ {0,1}"^" to be the set of permutation matrices representing 
ISO{G,H), and we define ^g — 'i'cG as the set of permutation matrices representing AUT{G). The 
isomorphism problem is thus the same problem as determining if "^ch t^ 0, and the automorphism problem 
is the same problem as determining if ^g =/= {In} where I„ is the identity matrix. It is then natural to 
consider polyhedral relaxations of the sets ^G,ff and ^g and determine under what conditions the relaxations 
answer the isomorphism and automorphism problems. 

Tinhofer [Tl] examined the following polyhedral relaxation of '^g,h- 

Tg.h = {Xe [0, 1]"^" : XAg = AhX, Xe = X^e = e} 

where e is the n-dimensional column vector of I's. Note that the graphs G and H are isomorphic if and 
only if there exists a permutation matrix X G {0, l}"^" such that XAq = AhX. Thus '^g,h is precisely 
the integer points in the polytope Tg,h, i-e. *I'G,ff = Tg,h H {0, l}"^". Tinhofer studied the polytopes Tg,h 
in hopes that most of them would be integral. In [T3], Tinhofer showed that Tg.h = if and only if the 
C-V-C algorithm determines that G and H are not isomorphic, and that Tg — {In} if and only if the C-V-C 
algorithm determines that G is asymmetric. 

Tinhofer also established a strong relationship between Tg.h and the C-V-C algorithm. If {Vi, ..., Vm} is 
the partition of the vertices of G given by the C-V-C algorithm, then for all u,v € V, we have u ^ v ii and 
only iiXuv = for all X G 7g- Analogously, if (Vi, ..., Kn) is a partition of the vertices of G and {Wi, ..., Wm) 
is a partition of the vertices of H returned by the C-V-C algorithm, then for all u £ Vs,v ^ Wt, we have s j^ t 
if and only if X„„ = for all X G Tg,h- In other words, Tinhofer shows that the polyhedral relaxations Tg,h 
and Tg are geometric analogues of the C-V-C algorithm for the isomorphism and automorphism problems 
respectively. 

In this paper, we examine Sherali- Adams relaxations of Tg.h and Tg- In general, given a semi-algebraic 
set 

P = {xe [0, 1]" I fi{x) = 0, ..., f,{x) = 0,51 (a;) > 0, ...,gt{x) > 0} 

where the fj{x) and gj{x) are polynomials in R[xi, ...,x„], the Sherali-Adams relaxations of P are linear 
inequality descriptions of relaxations of conv(P n {0,1}"), the convex hull of the integer points P. In 
particular, the Sherali-Adams hierarchy of relaxations [0, 1]" 2 P^ D • • • D P" = conv(P n {0, 1}") is a 
hierarchy of polytope relaxations of P fl {0, 1}" obtained by lifting P to a non-linear polynomial system of 
equations and inequalities, linearizing the system giving an extended formulation and projecting back down. 
The fc*'' relaxation P'' is obtained as follows. First, we generate a set of polynomial inequalities given by 

Y[x,f,ix) = V/C{l,...,n},|/|<fc-l,l<j<s (1) 

Y[x, 11 {I - x,)gj{x) > V/C JC{l,...,n},lJ|<fc-l,l<j<t, (2) 

iei ieJ\i 

YlxiYlil-x,) > V/C JC{l,...,n},|J|<fc. (3) 

jG/ ieJ\i 



All of these polynomial equations and inequalities, which include the original set of equations and inequalities, 
are satisfied on P. We then expand the polynomials and make all monomials square-free by replacing any 
occurrence of xf by Xi because xf — Xi = is valid on P n {0, 1}". Next, we linearize the system of equations 
by replacing each monomial riip/-^* where / C {1, ...,n} and |/| > 1 with a new variable yj. The result is a 
set of linear inequalities describing a polyhedron P'^ in extended y space. To achieve P'^, we finally project 
the extended polyhedron P'' onto the space of Xi = y^jj. variables, that is, P'^ = {x : Xi = j/^ij VI < i < 
n,y G P''}. Note that at most n iterations are needed before the Sherali- Adams relaxations converge to the 
convex hull, that is, F" = conv(F n {0, 1}") (see e.g. [5]). 

1.2 Our Contribution 

We generalize Tinhofcr's work by studying the Sherali- Adams relaxations of the polytopcs Tg,h and To- 
First, we introduce a combinatorial algorithm, called the generalized vertex classification algorithm or k- 
dimensional vertex classification algorithm (fc-dim C-V-C algorithm), whose relationship with 7q and Tq fj is 
analogous to the relationship between the C-V-C algorithm for the automorphism and isomorphism problem 
and Tg and Tg.h respectively. 

For the automorphism problem, analogous to the C-V-C automorphism algorithm and the fc-dim W-L 
automorphism algorithm, the fc-dim C-V-C automorphism algorithm partitions V*' into equivalence classes 
{V^, ■■■,V^} such that -(/-(y/') = V^" for all ^ e AUT{G) (see Section WM for details). For the isomorphism 
problem, analogous to the C-V-C algorithm and the fc-dim W-L algorithm, the fc-dim C-V-C algorithm 
partitions V*' into two sequences of equivalence classes [Vi , ..., V^) for G and [W^ , ..., W^) for H such that 
i^i^t) — ^i f°^ ^11 V' G ISO{G, H). The partitions are constructed in a similar manner to the automorphism 
case (see Section [^Hl). 

The following theorem summarizes the relationship between the fc-dim C-V-C algorithm for the au- 
tomorphism and isomorphism problem to the corresponding fcth Sherali- Adams relaxations Tq and Tq j^ 
respectively. 



Theorem 1.1. The polytope Tq = {In} */ o,nd only if the k-dim C-V-C algorithm determines that G is 

j-k 

'G,H 



asymmetric. The polytope Tq }j = % if and only if the k-dim C-V-C algorithm determines that G and H are 



not isomorphic. 

We will actually prove a more general and stronger result than the above theorem that illustrates that 
the the polytopes Tq and Tg.h are geometric analogues of the fc-dim C-V-C automorphism and isomorphism 
algorithms respectively (see Section |4l). 

Above, we introduced a vertex classification algorithm that corresponds to the Sherali- Adams relaxations 
of a given polytope. Somewhat surprisingly, we also found a relaxation of '^g,h whose Sherali-Adams 
relaxations naturally correspond to the W-L algorithm. Consider the following semi-algebraic set Qg,h- 

Xuiy^Xu.,v2 = V{ui,U2} G Eq, {vi,V2} ^ Eh, 
Xu^.utXu.,v2 = V{ui,U2} ^ Eq, {vi,V2} e Eh, 
Xe = X'^e = e,X e [0,1]"''". 

Note that Qg,h H {0, !}"><" — "^gm because the equations ATtij^tj^Xu^tj^ = enforce that edges must map 
onto edges and non-edges (2-vertex independent sets) must map onto non-edges. We define Qg = Qg,g, 
and Qq jj (respectively Qg) as the fcth Sherali-Adams relaxations of Qg.h (respectively Qg)- The following 
theorem summarizes the relationship between the W-L algorithm and the Sherali-Adams relaxations of Qg.h- 

Theorem 1.2. Let fc > 1. The polytope Qq' — {2,i} if and only if the k-dim W-L algorithm determines 
that G is asymmetric. The polytope Qqh — ^ */ '^'^^ only if the k-dim W-L algorithm determines that G 
and H are not isomorphic. 

Again, we will actually prove a more general and stronger result than the above theorem that illus- 
trates that the the polytopes Qq and Qg,h are geometric analogues of the fc-dim W-L automorphism and 
isomorphism algorithms respectively (see Section 2]). 



The C-V-C algorithm and the W-L algorithm are strongly related: the A;-dim W-L algorithm is stronger 
than the k-dim C-V-C algorithm, but the {k + l)-dim C-V-C algorithm is stronger than the fc-dim W- 
L algorithm. This relationship is summarized in the following lemma, which compares the corresponding 
Sherali- Adams relaxations: 

Lemma 1.3. The inclusions Q^+^ C T^^ Q Qg,h «"^ 2g"^ '^T^'^Q% ^°^'^- 

Together with Theorem 11.11 and Theorem II. 2[ Lemma 11.31 implies that if the fc-dim C-V-C algorithm 
determines that G and H are not isomorphic, then the fc-dim W-L algorithm also determines that G and H 
are not isomorphic, and if the fc-dim W-L algorithm determines that G and H are not isomorphic, then the 
(fc + l)-dim C-V-C algorithm determines that G and H are not isomorphic. Analogous statements hold for 
automorphism. 

Combining Theorem ll.il Theorem 11.21 and Lemma [T751 and the result established by [5] on the complexity 
of the W-L algorithm, we arrive at the following complexity results for the Sherali- Adams relaxations of the 
graph isomorphism polytopes Tq ^ and Qg. ^j. 

Corollary 1.4. There exists a class of pairs of non-isomorphic graphs (G„,-ff„) where Gn and iJ„ have 
0{n) vertices such that the Sherali-Adams procedure applied to the sets Tg,h o,nd Qg,h needs fl{n) iterations 
to converge to co-ny{'^G„M,J = 0- 

Our paper is organized as follows. In Section [2l we give a detailed description of the combinatorial 
algorithms for graph automorphism and isomorphism. In Section|31 we describe the Sherali-Adams relaxation 
of the sets Tg.h and Qg.h- Section U] shows that Sherali-Adams relations are geometric analogues of the 
corresponding combinatorial algorithms thus proving Theorems 11.11 and 11.21 

2 Combinatorial Algorithms 

In this section, we describe in detail the combinatorial algorithms for automorphism and isomorphism as 
described in the introduction, and we describe how they relate to each other. There are strong similarities 
between the combinatorial algorithms we consider in this section. The similarities are such that we first 
present a general framework for the algorithms to avoid having to prove analogous results. 

2.1 Automorphism Algorithms 

In this section, we present a general framework for an automorphism algorithm. First, we give some necessary 
definitions and background. 

We denote by II''' the set of all partitions of V^. For any tt G II''', we say two sets u, v are equivalent with 
respect to tt if they lie in the same cell of tt. This is denoted by u =7r v. Given tt, r e II'^, we write tt < r if 
u =7r V implies u =t- v for all u,v G V^ . It is well known that < is a partial order on II'^ and that II'^ forms 
a complete lattice under <. That is, given tt, r e II''', there is a unique coarsest partition vr A r G II''' such 
that TT > vr A T and r > tt A r - each cell of vr A r is a non-empty intersection of a cell in tt and a cell in r. 

Let Q be the set of all simple undirected graphs with vertex set V — {1, ...,n}. Let ip : V ^ V he a, 
bijection. For a fc-tuple u £ V'^ , we define ^(m) — {''Pi'Ui), ■■■,ip{uk)), and for a set of fc-tuples W C V^, 
we define tp{W) — {ip{u) : u G W}. Given a graph G £ ^, a partition tt — {tti, ...,7r,„} and a bijection 
V' : F -)> y, we define AUT{G, n) = {ip € AUT{G) : ipiiti) = TTi VI < i < m}. In this paper, we address the 
more general graph automorphism question of whether \AUT{G, 7r)| = 1 for a given partition tt G II'^, which 
is useful when using a backtracking algorithm for solving the automorphism problem (see for example |11)). 

We denote by Oq{tt) G II'^, the fc-dimensional orbit partition of graph G with respect to tt, the partition 
where u =gk (^^ v if there exists ■0 G AUT{G, tt) such that ij{u) = v, and we write 9q for the orbit partition 
of G. '^ 

Example 2.1. Let G be the graph with vertex set {1,2,3,4} and edge set 

i^G^ {{1,2}, {2, 3}, {2, 4}, {3, 4}}. 



This graph has two automorphisms: the trivial automorphism and the automorphism that swaps vertices 3 
and 4- The orbit partition is 9q = {Vi, ..., V^iq} where 

Vl - {(1, 1)}, Vi = {(2,2)}, Vi = {(3,3), (4,4)}, 

V! = {(1, 2)}, Vi = {(2, 1)}, Vi = {(1, 3), (1, 4)}, 

Vi = {(3, 1), (4, 1)}, Vi = {(2, 3), (2, 4)}, Vi = {(3, 2), (4, 2))}, 
Fi2„^{(3,4),(4,3)}. 

We now define an equivalence relation that provides a general framework for graph automorphism. 

Definition 2.2. An equivalence relation a on Q y. li^ y. V^ is a vertex classification (V-C) equivalence 
relation if it has the following properties for all G ^ Q , tt ^ IV^ and u,v € V^ : 

1. (G,7r, u) =Q, (G, 7r,w) implies u =Tr v; 

2. {G,TT,u) =Q, {G,TT,v) implies {G,tt',v) =q, {G,tt',u) for all tt' G 11*^ where tt < tt'; and 

3. {G,t:,u) =a (G, TT, ■(/;(«)) for all automorphisms ip G AUT{G,tt). 

Example 2.3. For the C-V-C algorithm, we use the vertex classification relation 5 where for a partition 
TT G n and graph G £ G, we define (G, tt, u) =s (G, tt, v) if and only if u ^„ v and \5g{u) H 7r,;| — \5g{v) H tt^I 
for all TTi £ TT. 

Using a V-C relation, we can construct a function that refines partitions for the graph G as follows: 

Definition 2.4. Let a be a V-C equivalence relation, and let G £ Q. We define aa '■ H — )■ 11 where 



u 



-ac 



(tt) V if (G,7r, u) =Q, (G,7r, u) for all n £ 11 and u,v £ 11 . We say that a partition is aQ-stable if 
O-ci'^) = T^, Cind we denote by QIqItt) as the fixed point given by recursively applying ac to n, and specifically, 
we define Uq = O-qHV^}) where {V''} is the trivial partition. 

This function on partitions has the following useful properties: (1) n > aG'(7r), which is clear from the 
definition; (2) it' > tt implies acij^') > ctci''^), which follows since (G, tt, u) =„ (G, tt, v) implies (G, tt', u) =q, 
{G,tt',v); and (3) aoiO'^iTr)) = 0^{tt), and moreover, AUT{G,tt) = AC/T(G,aG(7r)) = A[/r(G, a^(7r)), 
which follows since Definition 12.21 propertv ^ implies that u =q,^(^) '0(") for all ip £ AUT{G,tt) and for all 

U,V £ V^. 

The fc-dim a- V-C automorphism algorithm is thus to compute a*(7r). We call such an algorithm a k- 
dimensional a- Vertex Classification algorithm (or fc-dim a- V-C algorithm for short). Since tt > 9q{tt), by 
the properties of a, we must have tt > Q;g(7r) > 9q{tt). Thus, if ctQ{TT) is a complete partition, we have 
shown that \AUT{G,tt)\ = 1. 

From above, the orbit partitions Oq{tt) are ac-stable for all tt e II'^, and ag(7r) is ac-stable by definition. 
The set of ac-stable partitions is closed under the V operator meaning that if tti and 7T2 are ac-stable, then 
TTi \/ TT2 is ac-stable. This follows since tti\/ tt2 > tt\, tt^ implies tt\\I tt^ > aciTTi \/ TT2) > tti,tt2, which implies 
that TTi W TT2 — aclrTi V TT2) since tti V tt2 is the unique finest partition coarser than tti and 7T2. Since the 
complete partition is a^-stable, we conclude that for every partition tt £ II'^, there is a unique coarsest ac- 
stable partition finer than tt. Crucially, we now show that Q!^(7r) is the unique coarsest ac-stable partition 
finer than tt as follows: Let tt' be the unique coarsest ac-stable partition finer than tt. Since tt > tt' , we have 
o-g{t^) ^ ctaiT^') = tt', and thus, Q.q{tt) > tt', but a^iTT) is ac-stable and tt' is the unique coarsest ac-stable 
partition finer than tt, and therefore, ag(7r) = tt' . 

A simple but useful V-C equivalence relation is the combinatorial equivalence relation C on Q x n'^ x V'^: 
First, we define C as a combinatorial equivalence relation on V'^ where u =c v ii Ui — Uj ^ Vi — Vj for 
all ^ < hj ^ k. Also, we define C as an equivalence relation on 5 x V^: For all G £ Q and u,v £ V^ , 
we define {G,u) =c (G,w) if u =c v and {ui,Uj} £ Eq <^ {vi,Vj} £ Eq for all 1 < i,j < k. Then, for 
d\\ G £ Q, TT £ n'^ and u,v £ V'^, we define {G,tt,u) =c {G,tt,v) if m =^ w and (G, u) =c {E[,v). It is 
straight-forward to show that this is indeed a V-C equivalence relation. As in Definition 12.41 we define the 
partition refinement function Cq ■ ^^ ^ H'"', and a Cc-stable partition is thus a partition tt £ H'^ where 
CoiT^) = TT. Note that by construction, Cg{tt) — Cq{tt) and tt is Co-stable if and only if tt <Cq. Wc define 



^G = '^g({^'^})' ^^^^^ i^' ^^"^ partition where m =^fc v if and only if {G,u) =c {H,v). This is the coarsest 
Cc-stable partition. 

A useful property of partitions is invariance under permutation of tuple components, defined as follows: 
Let a G Sk be a permutation where iS^ is the symmetric group on k elements. For all tuples u e V'', we 
define (t{u) as the permutation of the tuples components, that is, a{u)i = Uo-fi) ioi all 1 < i < fc. We also 
define (T(7r) = {cr(7ri), ..., (T(7rm)} where cr(7ri) — {cr{u) : u e TTi} for all 1 < i < m. We say a partition 
TT G n'^ is iSfe-invariant if cr(7r) — tt for all cr G 5^ or equivalently <j{u) =7r cr(i') for all a G iSfe (or equivalently 
u =cr(TT) V for all a G iSfc). For example, the partition Cq is 5fc-invariant. 

If a given partition ir is not 5^ -invariant, then we can easily compute the coarsest iSfc-invariant partition 
finer than tt using the following useful V-C equivalence relation. First, let Sfc — {ai,a2} C 5^ be a 
generating set of Sk ; it is well known that we need only two permutations to generate Sk ■ a two cycle and a 
fc-cycle. We define the symmetric equivalence relation S on II'"' x V'' where {tt,u) =5 {7r,v) ii ai{u) =,r <Ji{v) 
for all ai G Sfe. This equivalence relation induces a V-C equivalence relation on Q x H'' x V'' where 
(G, TT, u) =5 (G, TT, v) if (tt, u) =s (tt, w) for all G G 5, tt G II'' and u,v G V'^ . As in Definition 12. 4[ we define 
the partition refinement function 5 : II'^' -^ II'^, and a partition tt G II'^ is S -stable if iS(7r) = tt, and we 
denote by S*{'k) the unique coarsest iS-stable partition that is finer than tt. It is straight-forward to show 
that TT is iS-stable if and only if tt is iSfc -invariant, and thus, S*{tt) is iSfc-invariant; thus, S*{tt) is the coarsest 
iSfc -invariant subpartition of vr. 

2.1.1 Comparing and Combining V-C equivalence relations 

Here, we consider the general case of comparing two vertex classification equivalence relations a and k. 

First, Lemma 12.51 below gives a condition under which the fc-dim a- V-C algorithm is at least as strong 
as the fc-dim k-V-C algorithm, that is, ^^(Tr) < ^^(Tr) and ag(7r) is Kc-stable, in which case, we say that a 
implies n. 

Lemma 2.5. Let G € Q. Let a and k be two V-C equivalence relations such that for all tt G II where 
a(7r) — TT, we have (G,7r, u) =„ {G,tt,v) implies {G,tt,u) =« {G,tt,v) for all m, u G V'' . Then, for all 
TT G n*^, we have aG(7r) — tt implies kg{tt) — tt. Moreover, for all tt G 11*^, we have aQ{TT) < Kq{tt). 

Proof. Firstly, assuming a(7r) — tt, since (G, tt, u) =a (G, tt, v) implies (G, tt, u) =^ (G, tt, v) for all u,v ^V^ , 
we immediately have that k{tt) = tt. Then, ac(7r) is ac-stable and thus Kc-stable, and since h*q{tt) is the 
unique maximal K^-stable subpartition of tt, we must have q*q{tt) < Kq(tt). D 

Second, we consider when we wish to combine a and n in order to construct a stronger V-C algorithm 
that implies both a and k; there are two ways we can combine the equivalence relations. (1) First, we can 
define a new equivalence relation A on 5 x II''' x 1/*-' where (G, tt, u) =x (G, tt, v) if (G, tt, u) =a (G, tt, v) and 
(G, TT, u) =K (G, TT, v) for all G G ^, TT G II''' and u, w G V'^. Then, clearly A is a V-C equivalence relation that 
implies a and k, and by Lemma 12.51 above, we have Xq{tt) < aQ{TT), Kq{tt) and Xq(tt) is ac and kg stable 
for all TT G n'^. (2) Second, we first apply kq and then ac, that is, given tt, we compute aQ{KQ{TT)). This 
partition is ac-stable but not necessarily KQ-stable unless a is K-stable as defined below. 

Definition 2.6. Let a,K be two V-C equivalence relations. We say that a is K-stable if for all G £ Q and 
TT G n where kg(tt) = tt, we have kg (o^G ('"')) = ctaiT^)- 

Thus, if a is K-stable, then Q;g.(Kg.(7r)) is aG-stable and KG-stable, and moreover, the two approaches are 
equivalent meaning that aQ{KQ{TTJ) = Xq{tt). This follows since Xq{tt) < k*q{tt) implies X*q[tt) < aQ{KQ{TT)), 
and aQ^KQirT)) < tt implies a^(K^(7r)) < Xq{tt) as required. 

Specifically, in this paper, we are interested in V-C equivalence relations that imply C and iS. So, given 
a V-C equivalence relation a that does not have this property, we will combine it with C and S. The V- 
C equivalence relations we are interested in are C-stable and 5-stable, so we can apply either of the two 
approaches above. In fact, every V-C equivalence relation is C-stable, since tt is Cg stable if and only if 
TT < Cq, and tt < Cq implies aG(7r) < Cq. In this paper, we use the first approach for combining a with C 
and S since we find it leads to a more concise exposition. 



2.2 Isomorphism Algorithms 

In this section, we present a general framework for an isomorphism algorithm. First, we give some necessary 
definitions and background. 

For isomorphism, we need to work with ordered partitions. We denote by n*^ the set of all ordered 
partitions of V'^, that is, n*^ — {(tti, ..., 7r„j) : {tti, ....,7r„j} £ n*^}. For an ordered partition 7? g II'^, we 
denote ifi as the ith set in the partition. For a partition tt = (tti, ...,7?™) G 11 and a bijection ip : V —^ 
V, we define ^(7?) = (V'(7ri), -, V^t?™))- We define ISO{G,Tf,H,f) = {ijj e ISO{G,H) : VW = r}. 
Analogous to the automorphism algorithm, we address the more general graph isomorphism question of 
whether ISOlGjif, H,t) — for given partitions 7?, r G II'^, which is useful when using a backtracking 
algorithm for solving the isomorphism problem as in the automorphism case (see for example [11|). 

For a /c-tuple u G V'^ and an ordered partition 7? G n'^ , we denote the index of the equivalence class of 
u G V'^ as [u]jf = i where u G tt^. For ordered partitions 7? — {tti, . . . , 71^) £ H'^, there is a natural preorder 
^ff on V^ extending the equivalence =^ relation as follows: for w G 7?^, w G 7?^, we write u ^^f v if and only 
if s < i. In the following, let 7?, f^ G II'^. We write 7? < f^ if w =^ v ^ u =f v for all u, w G V'' , and we write 
7? ~ f^ if li =^ V -^ u =y V for all w, u G V''. We write 7? ^ f^ if u ^^ v implies u ^^ v. So, tt < f implies 
that TT < f. We write tt w f if |7r[ = |f^| and |7fi| = \Ti\ for all 1 < i < |7r|. We write (7?, f^) < {TT',f') if 
[u]j; = b]r => [""]■?' = b]r', and we write (7?, f^) ~ {if',!") if [uj^ = [w]f <^ [u]^' = [w]f . 

Definition 2.7. FKe call a total preorder a on Q x & x V'' a vertex classification (V-C) preorder if a has 
the following properties for all G, H C^ Q , tt, f' G II'^' and u,v £ V^ : 

1. (G,7r, u) ^5 {H,f,v) implies [u]j; < [w]^; 

2. (G,7r, u) =5 {H,f,v) implies [G^tt' ,v) =5 {H,f',u) for all tt'jt' G II'^ where (7?,?') < (rf' ,t'); and 

3. (G,7r, u) =s {■tp{G),xjj{'K),ilj{u)) for all bijections ijj :V -^V . . 

Example 2.8. For the C- V-C algorithm, we use the vertex classification relation 6 as follows: given G, H E Q 
and 7?, f' G n, we define (G, tt, u) ^j (H, t, v) if and only if [m]^ < [v]^ or [u]j; = [v]f and 

{Idciu) riTTil, ...,\5g{u) rnf„i\) <iex {\5g{v) nTi|,...,|(5G(w) nT„J) 

where <iex is the standard lexicographic ordering. 

Using a V-C preorder, we can construct an ordered partition function that refines ordered partitions. 

Definition 2.9. Let a be a V-C preorder, and let G € Q. We define do : II'^ -^ II'^ where for all 7f G II'^ and 
w, u G V'' , we have u ^5g(ff) v if (G,7r, w) ^s {G,Tf,v). We say that a partition tt is da-stable ?/q?g(7?) = t^, 
and we denote by d*Q{Tf) the fixed point reached by recursively applying d to tt, and specifically, we define 

G ~ "g( 



cJq — d*Q{{y^)) where [V^) is the trivial ordered partition 



The function da has the properties that 7? ^ cSgIt?), and crucially, ipi^^ci^)) = Q?i/.(g)(V'(7?)) since 
(G,7r,M) =s (G,7r,u) implies (-0(0), V'(7r), V'(w)) =s ii'{G),'ip{Tf),ip{v)) by property (3). 

The concept of a V-C preorder is analogous to the concept of a V-C equivalence relation from before. 
Specifically, a V-C preorder d induces a V-C equivalence relation a on Q x H'' x V^ where we define 
(G, TT, u) =a (G, TT, v) if (G, 7?, u) =s (G, 7r, v) for all 7? ~ 7r. By property (2) above, (G, 7?, u) =5 (G, if, v) 
if and only if (G, tt' ,u) =5 {G,Tf',v) for all tt' ~ 7?. Thus, given 7? ~ 7r, we have cJgCt?) — Oiaii^) and 
5^(7?) ~ a*Q{TT), and also, the partition 7? is ac-stable if and only if tt is ac-stable. This is useful since it 
means that proving results for a implies results for a. 

Before describing the algorithm for graph isomorphism, we need to define an equivalence relation ow Q x 
n'^ . This equivalence condition will serve as a useful necessary but not sufficient condition for isomorphism. 

Definition 2.10. Given a V-C preorder d, we define an equivalence relation =5 on Q x li^ where for all 
G, i? G 5, 7?, f^ G n'^ and u, w G V^ , we have (G, 7?) =5 [H, t) 1/(3(3(7?) k, dniT) and (G, tt, u) =5 [H, f, v) <^ 
MsciS) = [v]sh{t)- 



In other words, (G,7f) =5 {H,t) if and only if there exists a bijection of tuples 7 : V'^ —^ V^ where for 
all w 6 y*^, we have (G, 7?, u) =s {H, r, 7(u)). The equivalence relation =s has analogous properties to those 
defining the preorder a. Note that we always have (G, n) =5 (G, tt). 

Lemma 2.11. Lei a be a vertex classification preorder on Q x & x V^ . Then, for all G,H ^ Q and 

7r,f eIi^ 

1. (G,7r) =s iH,f) implies ((^^(Tr),*^/^ (r)) < (vr, r) and 7? « r; 

^. (G,7r) =s {H,f) implies (G,7f') =5 (ff, r') anrf (dG(7r),afl-(f)) < (00(7?'), "//(t')) for all 7r',f' e n'' 
where {t:,t) < (tt'jT'); anii 

5. (G,7f) =s (■0(G), -0(7?)) /or all bijections ^p -.V -^ V. 

Proof. (1) Assume {G^if) =5 {H,t). Since [uja^f^-) = [uj^^j-^) implies (G, 7?, m) =5 {H,f,v) and thus 
[u]^ = [w]ff, we have (ckG(7r), Q?//(f')) < (vr, f'), which together with the fact that 00(7?) ~ (^h{t) implies 
7? « f . 

(2) Again assume (G, tt) =s {H, f). First, we have (??', r') > (tt, f) implies (Q?G(7f'), Q?//(f')) > (Q?G(7r), a_ff (f)). 
This follows since [u]5g(ff) = b]Qff(r) implies (G,7f, u) =3 (G,f, w), which by Definition 12.71 implies that 
(G,7r',u) =s {H,t',v), and therefore, [w]sg(fF') = b]Qff(r') as required. Second, since {G^if) =s {H,f), 
there exists a tuple bijection '^ : V'' —^ V'^ such that {G,tt,u) =5 {H,f,'y{u)) for all w g F'"' implying that 
(G, 7f', u) =s {H, t', 7(u)) for all u G F'^' by property of Definition [O Hence, (G, vr') =5 (iJ, f'). 

(3) Let il) : V ^^ V hy a bijection, which thus induces a tuple bijection -0 : V^ — > V^*^. Then, from 
property (3) of Definition 12. 7| we have [G.-k.u) =5 (0'(G),?/'(7r),-0(u)) for all u G V'^ , and thus, (G,??) =5 
(7^(G),0(Tr)). D 

It follows from part (3) of Lemma 12.111 above that {G,'if) ^s {H,t) implies ISO{G,'!T,H,f) = 0. More- 
over, if (G,7r) =s iH,f), then ISO{G,Tf,H,T) = ISO{G,aG{-n),H,aH{f)). This follows from property (3) 
of Definition 12. 7[ which says that if {G,n,u) ^s {H,f,v), then there does not exist ^ G ISO{G,n,H,T) 
such that 0(m) — v. Then, it follows from the definition of (G, 7?) =5 {H, f) that ISO{G, tt, H, t) = 
ISO{G,dG{Tf),H,dH{T)). Hence, if (G,aG(7?)) ^5 (iJ,aff(f)), then /S'0(G,aG(7r),i7,aH(f)) = = 

/S'0(G,7f,if,T). 

We show below in Lemma 12.141 that under the condition that if fa t, we have ISO{G, tt, H, f) — 
/S'0(G,a^(7r),Lr,aJ^(f)). So, if (G,d^(7r)) ^s {,H,a*H{f)), then ISO{G,a*c.{Tf), H,a*H{T)) = 0, and there- 
fore, ISO{G,Tf,H,f) = 0. We can now present the a-V-C algorithm for isomorphism given G,H G Q 
and TT, T G H*^ where 7? « t: first, we compute £5^(7?); second, we compute a^(T); and finally, we check if 
(G, 5^(7?)) ^s (iJ, d*ff{f)), and if so, then we have shown that ISO{G, n, H, f) = 0. We may assume without 
loss of generality that tt Ki f since it is easily verifiable and if 7? 9^ r, then trivially ISO{G, tt, H, t) = 0. 

The question arises whether during the isomorphism algorithm, we should not only check if (G, 5^(7?)) =5 
{H, d*^{f)), but we should also check if (G, ag.(7r)) =3 {H, a^(T)) for all r where ajj and a^ are the results 
of applying da and dn respectively recursively r times. The following useful lemma and corollary establishes 
that this is not necessary. 

Lemma 2.12. Let G,H e G and let 7?, f, 7f',f' G H'" where (G,7r') =5. {H,t') and {tt' ,t') < (7?, r). For all 
r >0, we have (jf' ,t') < (aj^(7r), a^(f')) and (G, (5^.(7?)) =5 {H,d^fj{f)). Also, {G,d*Q(Tf)) =5 {H,d*fj{f)). 

Proof. We show by induction that for all r > 0, we have {tt' ,t') < ((22.(7?), d^(f^)) thus implying that 
(G,dg.(7r)) =5 {H,d^jj{f)) by Lemma [2.111 as required. It is true for r = 0. Assume it is true for some r. 
Then, [tt' ,t') < ((2^(7?), d^(f)) implies that irf' ,t') < {d^^ (tt) , d^^^ (t)) by Lemma [2. Ill part (2) and since 
dcirr') = tt' and dnif') — f' ■ □ 

Corollary 2.13. Let G,H eG and let Tf,f G& where tt ^ f and (G, aG(7r)) =s (i?, d^(^))- ^^'^'^ /c"~ «^^ 
r, we have ((3^(7?), d|^(f')) < ((3^(7?), d^(T)) and (G,Q?Q(7r)) =5 (iJ, Q?J^(f^)). 

Proof. Since d*Q{Tf) < tt, d*^{T) < f, d*Q{Tf) k, d*jj{f) and 7? w r, we have (Q?Q(7r),Q?^(f)) < (tt, ■?)■ The 
result follows immediately by applying Lemma 12.121 D 

Using the above lemma, we can now show that ISO{G, tt, H, f) = ISO{G, 0^0(7?), H, a^(f')) where n ^ f. 



Lemma 2.14. LetG.HeQ. Let if , f e U'' where n fn f . Then, ISO{G,Tr,H,T) = ISO{G,a*Q{n),H,a*H{T)). 

Proof. Recall that for all tt', f' G n*-', if (G, tt') =5 (i/, f'), then ISO{G, 7?', iJ, f') = ISO{G, 00(7?'), ^: "//(t^')), 
and if (G,7r') ^s (ff,^'), then ISO{G,Tf' ,H,f') = 0. Firstly, assume (G,a^(7r)) =5 {H,a*H{T)). Then, by 
Corollary nil for aU r > 0, we have (G,a^(7r)) =5 {H,a'-„{f)) implying that ISO{G,al.{T:),H,a'u{T)) = 
ISO{G,a'+^{TT'),H,(r+^{f')). Thus, ISO{G,tt,H,t) = IS0{G, 0*^(7:), H,a}j{T)). 

Secondly, assume (G, 0^(7?)) ^5 {H,a*fj{f)). Then, ISO{G,Q*Q{Tf),H,a*fj{f)) = 0. There exists 
r > such that (G, cfg.(7r)) ^5 {H,(Fjj{f)) and (G, (3^.(7?)) =5 (iJ, ajj(f)) for all f < r. Then, we 
have ISO{G,aQ{TT),H,a'^{T)) — since (G,ag.(7r)) ^5 (iJ, a^(f)), and also, we have ISO{G,Tf,H,f) = 
ISOiG,a'^{Tf),H,a'jj{T)) since /50(G, a£(7r), ff,aj^(f)) = ISOiG,a^(^\n'),H,d'j+^iT')) for aU f < r. 
Thus, again ISO{G, tt, 7J, f) = ISO{G, al.{7f), H, a*H{f)) as required. D 

There is one more definition we will use, which we define for notational convenience. 

Definition 2.15. Given a V-C preorder a, we define the equivalence relation =5. on Q x T\^ where for all 
G, H e Q and 7?, f^ e n'^, we have (G, if) =5. {H, f) if doiif) — 7f, a/f (r) = f and (G, 7?) =5 {H, r). 

Analogous to the combinatorial V-C equivalence relation C, we define the useful combinatorial preorder 
C on t/ X n'^ X T^*^ as follows: First, we define the matrix Cg(u) G M'"'^'"' where CG{u)ij = if Mi = Uj and 
CG{u)ij = 1 if {ui,Uj} e Eg and CG{u)ij = — 1 otherwise. We then define the preorder C on Q x & x V'' 
where (G, n, u) ^^ {H, f, v) if ([«]#, Cg{u)) <iex {[v]fi Cg{v)) for all u,v &V''. It is straight-forward to verify 
that C is a V-C preorder. Then, as in Definition 12. 9[ we define the function Cg '■ V^ -^ V'' where u ^c (jf) '*^ 
if (G,7r,M) ^j- (G,7r,w) for aU 7? e II'^ and w, u £ V'^ . We say 7? is Cc-stable if CG(7r) — 7?, and we denote 
by CQ{Tf) the fixed point reached by recursively applying Cq to 7?. Also, as in Definition 12.101 we define the 
C equivalence relation on ^ x J\^ . We define Cq = Cq{{V^)), so u ^^^ v if Cg{u) <iex Cg{v). Note that 
(G, tt) =^, {H, f) if and only if (7?, f) < (C^jCP^) and 7f w f . 

Analogous to the unordered case, a useful property of pairs ordered partitions is invariance under per- 
mutation of tuple components, defined as follows. Let 7? G n'^. We define (7(7?) = (cr(7ri), ...,cr(7fm)) for all 
(7 € Sk- Given tt,t (£ n'"' where n k t^ we say that the pair (7?, f) is 5fc-invariant if (tt, t) ~ (c(7r), crlr)) for 
all a £ 5fc, that is, for all u,v G V^, we have [u]^ = [v]^ <^ [u](j(ff) — [v]a{f) for all a € Sk (or equivalently 

If we are given partitions tt, r e II'^ such that (7?, r) is not iSfe-invariant, then we can construct such 
initial partitions using a V-C preorder analogous to the symmetric equivalence relations as follows. Let 
Sfc = {o'i,cr2} be a generating set of Sk as before. For all 7? G n*^ and u G V'', we define Sjf{u) = 
{[ai{u)]jf, [cr2(u)]ff). Analogous to S, we define the symmetric V-C preorder 5 on II'^ x V'^ where (tt, u) ^^ 
{f,v) if {[u]jf,Sf;{u)) <iex {[v]f,S;f{v)) for aU u,w G T^*^. The preorder S induces a preorder on ^ x II'^ x F'^ 
where we define (G, 7?, u) ^^ {G,f,v) if (7?, w) ^^ (■?,«) for all G,i7 G Q, 7r,f G II'' and u,w G V^*^. It 
is straight-forward to verify that 5 is a V-C preorder. Then, as in Definition 12.91 we define the function 
S : V'' —^ V'^, the concept of iS-stable, and the partition 5* (7?). Also, as in Definition 12.101 we define the S 
equivalence relation on II'^' inducing an equivalence relation on C? x II'^'. Furthermore, it is straight- forward 
to show that for all 7?, f^ G 11 where if fa t, the pair (7?, r) is iSfc-invariant if and only if if =^, f. 

2.2.1 Comparing and Combining V-C preorders 

Next, we consider the general case of comparing and combining two different vertex classification preorders 
d and K. First, Lemma [2.161 shows when the fc-dim a- V-C algorithm is at least as strong as the fc-dim k-V-C 
algorithm, in which case, we say that d implies k. 

Lemma 2.16. Let G,H E Q . Let d and k be two V-C preorders where for all if,T G iV' where {G,if) =5. 
{H, t), we have (G, tt, u) =s {H, t, v) implies (G, if, u) =^ {H, t, v) for all u,v £ V''. Then, for all if,f& & 
where if ~ f, we have {G,if) =5. {H,t) implies {G,if) =;?. {H,t), and {G,d*Q{if)) =s {H,d*^{T)) implies 
{G,K},{Tf)) ^^ {H,^fUr)) and (a^(7r),aj,(f)) < (.?J.(^), A?^(f)). 
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Proof. Assume, (G,7f) =s* {G,t). Then, from Lemma [2.5[ we have kg{t^) — tt and kh{t) ~ f. Also, 
since (G,7r) =5 {G,t), there exists a tuple bijection ^ : V'^ ^ V'' such that {G,tt,u) =s {H,f,j{u)) for all 
u S V'^, implying that {G,n,u) =^ {H,t,j{u)) for all u e V'^, and thus, (G,7f) =;j (G,t) as required. 

Assume (G, ^^(Tr)) =,3 (H,d*jj{T)). Using Corollary 12. 13[ we have (c5Q(7r),aJ^(T)) < (tt, r). From part 
(1), we have that (G,aQ(7r)) =s {H,d*jj{f)). Then, using Lemma ETT^ we have (G, Kg(7r)) =/; {H,K*fj{f)) 
and (aQ(7r),a|^(T)) < {k*q('k) , k*^{t)) as required. D 

A key point here is that we do not need the stronger condition that (G, 7?, u) ^5 {H, r, w) implies 
{G,t:,u) ^fi {H,f,v). The preorder is not important; only the implied equivalence relation is important, 
but the preorder is necessary in order to compare different partitions. 

Moreover, if a implies k, then a implies k where a and k are the induced V-C equivalence relations on 
Q X H'^ X V'' for a and k respectively. This follows since (G, if, u) =s (G, 7?, v) if and only if (G, vr, u) =a 
(G,7r, w) where if c^ n and similarly for k, and thus, if (G,7r, m) =s {H,t,v) implies {G,n,u) =p! {H,t,v), 
then (G, 7r,M) =„ (G, tt,?;) implies (G,7r,w) =k (G, tt, u). 

As in the automorphism case, we also consider when we wish to combine a and k in order to con- 
struct a stronger V-C algorithm that implies a and k; there are two ways we can combine the preorders. 
(1) First, we can define a new equivalence relation A on C^ x II'^ x V'^ where (Gjifju) ^^ (G, 7?, w) if 
(G,7f, m) ^5 (G, 7?, u) or (G, vr, u) =5 (G,7f, w) and (G,7f, w) ^^ (G, 7?, u) for aU G,H e G, n,T e n*-' 
and u,u G V^''. Then, clearly A is a V-C preorder, and by Lemma 12.161 above. A implies a and k, that 
is, for all G,H E Q, Tf,T € Ir' where 7? « r, we have (G, 7?) =^, {H,t) implies (G,7f) =5. iH,T) 

and (G,7r) =;;. (i?,f), and (G,A^(7r)) ee^; {H,\*^{f)) implies (G,a^(7r)) =5 {H,d}j{f)), (G,K^(7r)) ee;; 
{H,k*jj(t)) and (AQ(7r), AJ^(f)) < (aj,(7r),a^(f)), (^^(Tr), K|^(f)). (2) Second, we first apply k and then 
a, that is, given G,H G Q and 7?, r 6 II'' where 7? « f, we check if {G,Kq{'k)) =g {H,n*u{f)) and if 
(G,a^(KQ(7r))) =5 {H,d*jj{K*{f))). We do not necessarily have (G, dQ(K^(7r))) =fi {H,d*^{K*jj{f))) unless 
a is K- stable as defined below. 

Definition 2.17. Let a, k be two V-C equivalence relations. We say that d is it-stable if for all G,H E G 

and T:,f Eli where {G, if) =fi* {H,t), we have {G^dciif)) =ii' {H,dH{f)). 

Thus, if d is K-stable, then [G , d*Q{K*Q{if))) =fi' (H , d"^ {k^^ (j))) , and moreover, the two approaches are 
equivalent meaning that for all G,H E Q and if,TE& where if Ki f,we have (G, AQ(7r)) =^ {H, AJ^(r)) if and 
only if (G, Kg (7?)) =s {H,k,\j{t)) and (G,ap(KQ(7r))) =3 (iJ, d^(K*(f^))), and furthermore, if (G, ^^(Tr)) =^ 
{H,X\j{t)), then (AQ(7r), A^(f)) ~ (aQ(KQ(7r)),a^(K^(f))). We show this as follows: Let if' = K^iif) and 
f = K*H{r). First, assume (G,A^(^)) =3; (i/,Al,(f)). Then, (G,^') =;. (i/,f'), (G,A^(7r)) =5. (i^,A|,(f)) 
and (AQ(7r), A^(f^)) < (tt',-?') from above. Then, Lemma [2.12[ we have (G, aQ(7r')) =s iH,d*fj{T')) and 
(A^(7r),A|,(f)) < {d*a{Tf'),d*H{f')). Second, assume (G,7r') =;. {H,t') and (G,a^(7r')) =s {H,d*H{T')) 
implying {G,dQ{if'j) =iz' {H,d*^{f')) since d is K-stable. Thus, (G,dQ(7r')) =^, {H,d*^{f')) since d is 
K-stable. Then, since {d*Q{if'),d*^{f')) < {if,T), we have (G, AQ(7r)) =^ (iJ, A^(f)) and (0^.(7?'), a^(f')) < 
(AQ(7r), AJ^(f)) by Lemma [2T2l as required. 

In this paper, in particular, we are interested in V-C preorders that imply C and <S. If a V-C preorder d 
that docs not have this property, then we will combine it with C and S. Moreover, the V-C preorders we are 
interested in are C-stable and iS-stable, so we can apply either of the two approaches above. In fact, every 
V-C equivalence relation is C-stable, since (G, 7?) =^, {H,t) if and only if (tt, f) < {Cq,C^) and if ^ f, and 
moreover, (7?, f) < {C^,C%) and (G,7r) =s {H,t) imply {aG{if),aH{T)) < {Cg,C%) and d^if) ~ dnif) 
as required. We will use the first approach for combining d with C and S since we find it leads to a more 
concise exposition. 

2.3 W-L Algorithm 

In this section, we rigorously introduce the fc-dimensional Weisfeiler-Lehman Method where fc > 1. This 
algorithm is ubiquitous in literature (see e.g., [HI [ini [S] ) . First, we need the following definitions. 

Definition 2.18. Given u E V^ and v eV , we define 4)i{u, v) — {ui, ..., Ui_i, v, u^+i, ..., Uk). 
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We define the equivalence relation oj' on Q x H'^ x V^ where (G, tt, u) =^' {G, n, v) if u =^ v and there 
exists a bijection ip : V ^ V such that (j)i{u,w) =^ (l>i{v,tlj{'w)) for all 1 < « < A; and for all w € V. It is 
straight-forward to verify that uj' is a V-C equivalence relation. We want a V-C equivalence relation that 
implies C and S, so we combine u' with S and C as follows (indeed, uj' does not explicitly use the properties 
of G). 

Definition 2.19. We define the equivalence relation uj on Q x I\^ x V^ where (G, tt, u) =(^ {G,tt,v) if 
(G,7r, u) =1^1 (G, TT, w), {G,TT,u) =c (G,7r, w) and (tt, u) =s (tt, w) /or all G G Q , tt € 11^ and u,v G V''. 

Then, as in Definition 12. 4[ we define the function uiq ■ H*"' — )■ II'^, and a partition tt £ II'^ is wc-stable if 
'^g{'^) = TT, and we denote by ujq{tt) the unique coarsest w-stable partition that is finer than tt. Also, we define 
uJq as the unique coarsest wc-stable partition, that is, uiq = u!q{{V''}). Given a partition tt E H'^, the k-dim 
w-V-C automorphism algorithm is thus to compute ^^(Tr), which if complete, implies that \AUT(G, tt)\ — 1. 

The k-dim W-L algorithm (see e.g., [S]) is essentially to compute uiq{Cq). It is straight-forward to show 
that oj' is both C-stable and iS-stable (see Definition 12.61) : therefore, u!q{Cq) = ojq (see Section [2. l.ip . and 
so the k-dim W-L algorithm is equivalent to the w-V-C automorphism algorithm; however, we consider the 
more general case of arbitrary starting partitions. 

Below, we define an ordered vertex classification relation uJ for the fc-dim W-L algorithm. We define 

tjff(M, w) = ([0i(u,w)]ff, [(j>2{u,w)]^, • ■ • , [(/)fe(u, u;)]#), 

and we define l3j;{u) = (tD^(u, wi), ...,a;j(u, w„)) where {wi,...,w„} — V and ojj;{u,Wi) <iex ^t;{u,Wj) for 
all i < j. Then, we define w' a preorder on ^ x n'' x V'^ where (G, tt, u) ^^j/ {H,f,v) if ([u]j,a;^(u)) <iex 
([w]f',a;f (w)). It is straight-forward to verify that a; is a V-C preorder. In other words, wj(u) — idf{v) means 
that [u]j! — [w]f and there exists a bijection tp : V ^ V such that [(j>i{u, w)]ff = [4'i{v, ''Pi'w))]^ for aWl < i < k 
and for all w G V. We want a V-C preorder that implies C and S, so we combine uj' with S and C as follows 

Definition 2.20. We define uj a preorder on Q x 11 x V where we have {G,tt,u) ^jj {H,t,v) if we have 
{[u]jf,S^{v),C^{v),ujs{u)) <iex {[v]f,Sf{v),Cf{v),uJf{v)). 

As in Definition 12.91 we define the function uJa : H*^ -^ II'' , and we say that a partition tt G H'' is 
WG-stable if ujg{t^) = t?- Also, we define ^^(7?) as the fixed point reach by recursively applying wg, and 
specifically, we define ujq — uJq{{V'^)). Also, analogous to Definition l2.101 we define the equivalence relation 
a; on C; X n'^. 

Given 7?, r S n*^ where 7? sa t, the fc-dim tj-V-C algorithm is thus to compute ^^(7?) and uj'^^t) and then 
to check whether (G,w^(7r)) =j {H,uj'^{t)). The fc-dim W-L isomorphism algorithm as presented in [5^ is 
essentially to check whether {G,Cq) =^ {H,C%), and then to check whether {G,uJq{Cq)) =s' {H , uj'^ (C^)) . 
Since uJ' is 5-stable and C-stable, which is straight-forward to verify, we have {G,C^) =^ (HjCp^), and 

(G,wg(C^)) =0' {H,uJ'^{Clj)) if and only if {G,Co^{n)) =a {H,uJ*H{f)) (see Section [2XT]), and so, the fc-dim 
W-L isomorphism algorithm is equivalent to the fc-dim w-V-C algorithm; however, we consider the more 
general case of arbitrary starting ordered partitions. 

Example 2.21. We demonstrate the uJ-V-C algorithm for k — 2. Let G be the graph as in the previous 
example with vertex set {1,2,3,4} and edge set E{G) = {{1, 2}, {2, 3}, {3,4}, {2,4}}. Starting from the 
trivial ordered partition 7?" = [V"^), the first iteration computes tt^ — Cq, which consists of three sets: 

7?! = {(1,1), (2, 2), (3, 3), (4, 4)}, 

7?! = {(1, 2), (2, 1), (2, 3), (3, 2), (2, 4), (4, 2), (3, 4), (4, 3)}, 

7?! = {(1,3), (3,1), (1,4), (4,1)}. 

Below we list all (j) values for the pair m = (1, 1) £ Vi- 

0i(u,l) = (l,l), </)i(7/,2) = (2,l), </)i(u,3) = (3,l), 0i(m,4) = (4,1) 

02(u,l) = (l,l), <^2(w,2) = (1,2), </)2(u,3) = (1,3), 02(w,4) = (1,4) 
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and hence cJ^(l,l) = ((1, 1), (2, 2), (3, 3), (3, 3)). We repeat this procedure for all possible pairs in V-^ and 
obtain 

d;ff((l, 1)) = ((1, 1), (2, 2), (3, 3), (3, 3)), cJff((2, 2)) = ((1, 1), (2, 2), (2, 2), (2, 2)), 

a;ff((3, 3)) = ((1, 1), (2, 2), (2, 2), (3, 3)), cJff((4, 4)) = ((1, 1), (2, 2), (2, 2), (3, 3)). 

and hence (1,1) and (2,2) are in new cells by themselves, while (3, 3), (4, 4) remain together. Continuing in 
this fashion, we obtain the partition n = (tti, .., ttiq) where 

7?i = {(2,2)}, ^2 = {(3, 3), (4, 4)}, 713 = {(1,1)}, 

714 = {(3, 4), (4, 3)}, ^5 = {(3, 2), (4, 2))}, TTg = {(2, 3), (2,4)}, 

'?7 = {(2,1)}, 7r2 = {(l,2)}, 7r9 = {(l,3),(l,4)}, 
7110 = {(3,1), (4,1)}. 

This is indeed the unique coarsest u-stable partition ujq. 

2.4 The (5- Vertex Classification Algorithm 

In this section, we give a detailed and precise description of the /c-dimcnsional C-V-C algorithm for the 
isomorphism and automorphism problem. 

Definition 2.22. For u G V'^ , we define 5q{u) — {(j)i{u,w) : w € Sciu)}. 

For graph automorphism, we define the vertex classification equivalence relation 5' where (G, tt, u) =s' 
(G,7r, u) if and only ii u =Tr v and \Sq{u) n tt^I = \Sq{v) H tTsJ and \Sq{u) n tTsJ = \6q{v) n tt^I for all tTs G tt 
and 1 < z < fc. It is straight-forward to show that the relation 5 on Q x H'^ x V'' is a, V-C equivalence relation 
that is C-stable and iS-stable. We combine S' with C and S as follows. 

Definition 2.23. We define the equivalence relation S on Q x II'' x V'' where {G,tt,u) =s {G,tt,v) if 
{G,TT, u) =s' (G, TT, w), (G, TT, w) =c (G, TT, w) and {tt,u) =s (tt, v) for all G <E Q , tt ^ H'' and u,v £ V'' . 

Then, as in Definition 12. 4[ we define the function Sq : H'' — ;■ H*^, the concept of Jc-stable, and the 
partitions 5q{tt) and 6q. In the 1-dim case, for all tt G 11, we trivially have that iS(7r) = tt and C{tt) = n, and 
moreover, \6q{u) n tt^J = \Sq{v) fl tTsJ implies that \Sq{u) rnrs\ — \5q{v) D tTs\ for all tt^ G tt and 1 < i < fc. 
Thus, in this case, the 5- V-C automorphism algorithm is the same as the C-V-C algorithm in the literature 
where a ^c-stable partition is referred to as an equitable partition with respect to G (in e.g., ;11]). 

We now consider graph isomorphism. First, we need the following definitions: For all tt = (tti, ...,7r„j) G 
n'^, 1 < i < fc, and u G V'', we define 

4,ff(") = {\Sh{u) n TTil, ..., \6'a{u) n 7r,„|, \6}j{u) D vril, ..., \S'a{u) D tt„,\), 

and also, we define ^g,* (w) = {Sq -(m), ..., Jq -(u)). We define the preorder S' where (G, n, u) ^g, {H, r, v) if 
(M7f,^G,7r(")) l^iex {[v]f,^H,f{v)) for all G,H £ Q, 7?, T G n*^ and u,w G V'^. It is straight-forward to check 
that 5' satisfies the properties of a vertex classification preorder, which is C-stable and iS-stable. We then 
combine 6' with C and S as follows. 

Definition 2.24. We define S a preorder on Q x II'' x V^ where we have (G, vr, u) ^g {H,f,v) if we have 

([u]ff,5ff(u),Cff(w),5G.if(u)) <lex i[v]f,Sf{v),Cf{v),SH,f{v)). 

Then, as in Definition 12.91 we define the function 6g ■ V' — ?> V'', the concept of ^G-stable, and the 
partitions Sq{tt) and Sq. Also, as in Definition 12. 10[ we define the S equivalence relation on Q x &. 
Again, in the 1-dim case, the ^-V-C algorithm simplifies to the C-V-C algorithm for isomorphism. 
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2.5 A- Vertex Classification Algorithm 

In this section, we describe the A:-dim A-V-C algorithm for the automorphism problem and the fc-dim A-V-C 
algorithm for the isomorphism problem. We will see that the fc-dim A and A V-C algorithms are strongly 
related to the fc-dim W-L algorithm and thus useful in proving results about the fc-dim W-L algorithm. 

Definition 2.25. For u G V^ , we define A*(w) — {0i(M, w) : w G V}. 

For graph automorphism, we define the equivalence relation A' on Q xli^ x V^ where (tt, u) =a' (tt, v) 
if and only if m =^ w and |A'(m) n tTsJ — |A*(?;) n tt^I for all tt^ G tt and 1 < i < fc. It is straight-forward to 
verify that A' is vertex classification equivalence relation that is C-stable and iS-stable. We combine 5' with 
C and S as follows. 

Definition 2.26. We define the equivalence relation A on Q x li'' x V^ where {G,tt,u) =a {G,tt,v) if 
(G, TT, u) =A' (G, TT, v), (G, IT, u) =c (G, TT, v) and (tt, u) =5 (tt, v) for all G & G , n G 11^ and u,v (1 V'^ . 

As in Definition 12. 4[ we define the function Aq : H*^' — !> Il'^, the concept of Ag-stable, and the partitions 
A^(7r) and A^. 

For graph isomorphism, we define the vertex classification preorder A. First, we need the following 
definitions: For all tt = (tti, ..., ??„) G II'^, 1 < i < fc, and u G V'', we define 

At{u) - {\A\u) n TTil, ..., \A\u) n 7r™|), 

and also, we define A^(w) — (AI(m), ..., A|(m)). Then, we can define the preorder A' on II'^ x V'' where 
(tt, u) ^^, (r, v) if ([w]ff, Ajf{u)) <iex {[v]f, Af{v)). It is straight-forward to check that A' is a V-C preorder 
that is C-stable and iS-stable. We next combine it with C and S. 

Definition 2.27. We define A a preorder on Q x n'^' x V'^ where we have {G,tt,u) ^^ {H,f,v) if we have 

([u]ff,5ff(u),Cff(w), Aff(w)) <iex (Hr,5?(w),Cf(u), Af(v)). 

Then, we define the function Aq '■ V^ — )• V^ , the concept of Ag-stable, and the partitions Aq{tt) and 
AJq as in Definition 12.91 Also, we define the A equivalence relation on ^ x n'^ as in Definition 12.101 

2.6 Comparison of Combinatorial Approaches 

In this section, we show that lj implies 5, which implies A, and subsequently, uj implies 5, which implies A. 

Lemma 2.28. Let G,H G Q, and let 7?, r G 11*^ where (G, vr) =^, {H,f). We have {G,tt,u) =g {H,t,v) 
implies {G,tt,u) =^ {H,f,v) for all u,w G V^ . 

Proof The resuh follows from the fact that A'{u) = 5^(w) U S}.{u). D 

Lemma 2.29. Let G,H G Q, and let vr, t G n*^ where {G,tt) =^3. {H,t). We have {G,tt,u) =^ {H,f,v) 
implies (G, if, u) =g {LI, f, v) for all u,v E V'' . 

Proof. Let tt — (tti, ...,??„) and f = (ti, ..., ■?,„), and let u,v € V^ . Assume {G,Tf,u) =cs {H,f,v), so by 
assumption, there exists a bijection ijj : V —}■ V such that [(f)j(u,'w)]^ — [(j)j(v,'ip{w))]f for all 1 < i < ^ and 
for all w G V. Let l<t<m, l<i<k and w G V. We show that (f>i{u, w) G Sq(u) Dift '^f^ <t>i{v, ^{w)) G 
(5^(w)nft and that (j)i{u,w) G 5Q{u)r\Tft <^ 4>i{v,4>{w)) G 6'^JJ{v)f^Tt implying that \5q{u) \^Tft\ = \S'i^iv)r]ft\ 
and \Sq{u) flTrtl = \S}j{v) nft\ since ^ is a bijection, thereby proving that (G, 7?, w) =s {H,f,v). 

First, 4'i(u,w) G TTt <^ 4'i(v,il){w)) G Tt since [4>i(u,w)]j; = [(j)i(v,%l^{w))]f by assumption. Let j ^ i. 
Then, since [4>j{u,w)]j; = [4>j{v,'ij}(w))]f and (G, 7?) =g, {L{,f), we have {G,(j)j(u,w)) =c {H,(j)j{v,4'{w))). 
Thus, w G Sc{ui) -^ ■ip{w) G Suivi) implying (j)i{u,w) G (5q(u) <^ (j)i{v,tlj{w)) G S}j(v) and (j>i{u,w) G 
5q{u) <^ <j)i{v,xl>{w)) G 5}f(w) as required. D 

Lemmas 12.291 and 12.281 together with Lemma [2.51 means that the uj implies 5, which implies A as stated 
in Lemma [2.301 below. 
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Corollary 2.30. Let G eG, and let n E n'=. We have 9^{tt) < uj*q{tt) < 5*(j{tt) < A^(7r) < tt. 

Lemmas 12 .291 and 12.281 together with Lemma [2. 161 mean that the uj implies 5, which implies A as stated 
in Lemma [2.301 below. 

Lemma 2.31. Let n,f E H*-' where 7? w f. We have (G, ^^(7?)) =^3 {H,Lj*fj{f)) => (G, ^^(7?)) =_5- 
(H,4(f)) => (G, A^(7r)) ^^ (i/, A^(f)) and (c^^(^),^],(f)) < (<5l;(^), 4(^)) < (A^(7r), A^(f)). 

Next, we next show that fc-dim A implies (A; — l)-dim uj. First, we need a way of mapping a /c-tuple 
onto an (fc — l)-tuple and a (/c — l)-tuple onto a k tuple. Also, we need a way of mapping a fc-dimensional 
partition onto a (/c — l)-dimensional partition. 

Definition 2.32. We define the map p : V*' ^f V^^^ where p{u) — (ui, ...,Uk-i) for all u E V*' , and we 
define the map v : V^^^ -> V^ where v{u') = [u'l, ...,u'^_-^,u'^_-^) for all u' E V^^^ . We define the map 
p : n''' — > n'°~^ such that for TT E n*^ and for u' ,v' E V^~^ , we have u' =p{Tr) v' if and only if i'{u') =7r i^{v'). 

Next, we establish that A equivalence implies uj equivalence. 

Lemma 2.33. Let G E Q. Let n E 11*'' where AG(7r) = tt, and let u,v E V'' . If {G,Tr,u) =a (G,7r, w), then 
{G,p{n),p{u)) =^ {G,p{tt),p{v)). 

For the proof of this, see Lemma 12.361 and its proof, where we prove the more general result for V-C 
preorders. Now, we can show the result that fc-dim A implies (fc — l)-dim uj. 

Lemma 2.34. Let G E Q. Let tt E n*^. // A(3(7r) — tt, then ujg{p{t^)) = p(7i')- Moreover, we have 
p(A^(^)) < c.J(p(7r)). 

Proof. Let tt' — p{tt). Assume AG(7r) = tt. Let u',v E V^~^ where u' =t^i v' . Let u — v{u') and v — v{v'). 
Then, u —^^ v by definition of p, and thus, (tt, u) =a (tt, w) since AG(7r) = tt. Then, by Lemma 12.331 we 
have {tt\u') =^i {tt\v'). Thus, ujg{tt') = tt' as required. Next, the partition p{A'^{tt)) is A-stable and thus 
w-stable from above. Then, since p{Aq{tt)) is a w-stable subpartition of tt' and uj*{tt') is the unique maximal 
w-stable subpartition of tt' , we must have p{Aq(tt)) < uj*{tt') as required. D 

Specifically, we have that p(Ag) < ujq~^. Next, we show that the fc-dim A implies {k — l)-dim uJ. First, 
we need an analogue of p for ordered partitions. 

Definition 2.35. We define the map p : n'"' — s> n'"'^^ such that for tt E H'' and for u', v' E V''^^ , we have 
u' ^p-(ff) v' if and only if iy{u') ^^ v{v'). 

The next lemma is needed to establish that fc-dim A implies (fc — l)-dim uj. 

Lemma 2.36. Let G,H E Q. Let tt,t E fl'' where (G, 7?) =^, {H,t), and let u,v E V^ . If (G, 7?, u) =^ 
{H,T,v), then {G, p{tt), p{u)) =a {H , p{f) , p{v)) . 

Proof. Let m = \ff\. Let tt' = p{Tf), t' — pi^), and let u' = p{u) and v' — p{v). Assume (G, tt, u) =^ {H, f, w); 
so, we have |A'(-u) n 7rt| = |A'(w) n ft| for aU 1 < t < m and 1 < i < fc. Then, [u']^> = [v']^^ by Lemma [6?71 
and also, {G,tt',u') =g {H,t' ,v') and {tt',u') =^ {f',v') since (G,7r') =(?. {H,f') and tt' =g, f' by Lemma 
16.71 It remains to show that there exists a bijection -0 : F — > F such that [(/)i(u', w)]^' — [(j)i{v' ,^{w))]ft for 
&\\w eV and 1 < i < fc - 1. 

Let Ut — {w E V : (j)k{u,w) E nt} and let Wt = {w E V : (/>fe(w,w) E n} for all 1 < i < m. Note that 
{Ui,...,Um} and {H/i,...,W„} are partitions of y such that |A'=(u)n7rf| = \Ut\ = \Wt\ = |A'=(u)nTf| for all 
1 < t < m. Let i/j : V —!■ V he a. bijection such that ipiUt) = Wt for all 1 < i < to. 

Let w E Ut and let w' = ip{w). Then, by construction, [(/>fc(u,u')]ff = [(f>k{v,w')]f, and since (G, 7?) =^, 
{H,f), we also have {G,Tf,(f>k{u,w)) =^ {II,f,(jjk(v,w')). From Lemma [6.11 we have [0i((?!)fc(M, w), w)]^ = 
[(t>i{(t>k{v,w'),w')]f and moreover {G,TT,(t>i{4)k{u,w),w)) =^ {H,T,(j)t{(l)k{v,w'),w')) for all 1 < i < fc - 
1. Thus, [(j)i{u',w)]j;i — [(l>i{v' ,w')]f" for all 1 < i < fc — 1 since p{(/)i{(j)kiu,w),w)) — 4>i{u' ,w) and 
p{4'i{(t>k{v,w'),w')) = (l)i{v',w'). D 

Then, using the lemma above, we arrive at the desired result. 
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Lemma 2.37. Let G,H E Q. Let tt, r G II'^ where tt « r. Then, (G, tt) =^, {H,t) implies {G,p{tt)) =a- 
{H,p{f)). Furthermore, we have (G^AqItt)) =^ {H,A*jj{f)) implies {G , uj* {p{Tf))) =s {H,uj*{p{t))) and 
{p{AUn))J{A},{r))) < (J^(p(^)),a3^(p(r))). 

Proof. Let n' — p{tt) and r' = p{t). Assume (G, 7?) =^, {H,t). First, from Lemma r2.33[ we have u;g(7?') = 
tt' and luh{t') — t' . Then, there exists a tuple bijection 7 : T^'^ — )► V'^ such that (G, 7?, u) =^ {H, r, 7(u)) for 
all u e T^'^. Now, we define bijection 7' : T/'^'^^ — > V^~'^ where for all u' G V^^^ , we have 7'(m') = p{'-^{v{u'))). 
Let u' G V^~^ and let m = u{u'). Then, we have (G,7f, u) =^ {H,T,-f{u)) implying {G,n\p{u)) =a 
{H,t' ,p{-f{u))) by Lemma [2.361 or equivalently (G, •??',«') =^3 {H,f',j'{u')), and thus, (G, 7?') =^3 {H,t'). 

Assume (G, A^(7r)) ee^ {H,A*^{t)). Let 7?" = /9(A^(7r)) and r" = p(A|^(t)). From Corollary HH we 
have (A^(7r), A|f(f)) < (7f,f) implying (7r",T") < (7r',f')- Then, from above, (G,7f") =^3. (H.f"), and by 
Lemma[2Il we have (G,a;*(7r')) =a {H,u}*{t')) and (7r",f") < (wJ(7r'),cD|^(f')) as required. D 

Next, we show that fc-dim uj where k > 1 implies {k + l)-dim A. First, we need a way of mapping a 
fc-dimensional partitions to a (A: + l)-dimensional partition. 

Definition 2.38. We define the map iy : II'^ ^- 11'''+^ such that for tt G II''" and for u, u G V''^^ , we have 
u =^(^) V if p[u) =^ p{v) and (f)i{p{u),Uk+i) =n (f)i{p{v) , Vk+i) for alll <i <k. 

For the proof of the following lemma, see Lemma 12.431 and its proof, where we prove the nrore general 
result for V-C preorders. 

Lemma 2.39. Let G £ Q. Let k > 1, and let tt G II'^ where ojg{-k) — it. For all u,v £ F'^+^, if u =^(7r) v 
and {G , TT , p{u)) =^ (G, 7r,p(u)), then {G,v{Tr),u) =a {H,v{'k),v). 

The next lemma shows that the fc-dim w implies (fc + l)-dim A. 

Lemma 2.40. Let fc > 1, and let it G II''". If ujg{t^) ~ tt, then AG(i/(7r)) ~ '^(7r). Moreover, i/{u!q{tt)) < 
A^IKtt)). 

Proof. Assume ^^(Tr) == n, and let u,v G V'^^^. We show AG(i'(7r)) — i'{tt). If w =1/(77) v, then p{u) =,r p{v) 
and {G,7T,p{u)) =1^ {G,tt,p{v)) since WG(7r) — tt, and thus by Lemma [2.39| {G,v{'k),u) =a {G,v{-k),v) as 
required. Also, we have z/(cj^(7r)) is a Ag-stable subpartition of i^(7r) since ujq{'k) is wg-stable. Thus, since 
A^(i^(7r)) is the unique maximal subpartition of i^(7r), we have v{u>q{'k)) < Ag(i^(7r)). D 

Specifically, we have v{uJq) < A^^^ since i^{{V''}) = {F'^+^}. Next, we establish the equivalence between 
the fc-dim uj and (fc -|- l)-dim A preorders. 

Corollary 2.41. Let k > I and let G gQ. Let t: G H'^'. Then, p(A^(i^(7r))) = a;J(7r). 

Proof. By Lemma 12.401 we have v{ijj*{n)) < Aq{i'{tt)), and since u!*{tt) is A-stable, we have tj*(7r) < 
p(A^(i/(7r)) since p(i'(a;*(7r))) = w*(7r) by CoroUarvlOl Bv lemma f2.34[ we have w*(p(i/(7r))) > p(AJ,(zy(7r)), 
but uj*{p{i^{tt))) < uj*{tt) since /9(i^(7r)) < 7r from Corollary 16.41 Therefore, a;*(7r) = /9(Ag(i^(7r)). D 

This implies that for all tt G II'^, we have i^e(7r) is a complete partition if and only if Aq{i'{tt)) is a 
complete partition, and so, the algorithms are essentially equivalent. Specifically, ujq is a complete partition 
if and only if A^"^^ is a complete partition, and moreover, p(Ag^^) — loq. 

Next, analogously, we show the equivalence of the fc-dim A and (fc — l)-dim cJ. First, we need a map 
from ordered partitions of fc-tuples to ordered partitions of (fc + l)-tuples. 

Definition 2.42. Define v : li*' ^^ 11'^+^ where for all tt G n*^ and u,v G V'''^^ , we have u Su{t:) v if 
p{u) $^ piv) or p{u)=^ p{v) anduj:j?{p{u),Uk+i) <iex i^Tripiv),Vk+i). 

The next lemma is used to establish that fc-dim uJ implies (fc + l)-dim A. 

Lemma 2.43. Let G,H e G and let k > 1. Let TT,f e & where (G,7r) =^- (H,t). Let u,v e V''+^ . If 
Mi7(ff) = [vh{T) and {G,TT,p{u)) =s {H,f,p{v)), then {G,v{t:),u) =^ {H,v{t),v). 
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Proof. Let tt' = i'{tt) and r' = J7(f'). Let u,v G V'^ and let u' = p{u) and i/ = p{v). Assume [u]jfi — [v]j" 
and (G, 7?, u') =^3 {H,f,v'). First, from Lemma [631 we have {G,tt') =^, {H,t') and tt' =g, f', and thus, 
{G,n',u) =^ {H,f',v) and [tt' ,u) =g {t',v). Since (G, tt, m') =^3 (if, r, u'), we have [u']^/ = [w']^- and there 
exists a bijection ip : V ^ V such that w^ («', w) = 0Jt{v' , ip{w)) for all w &V. 

Next, we show that |A^+\m) n ttj] = |A^+^(i;) n 7^'| for aU 1 < t < m where m = \tt'\ = |f'|. Let 
Ut — {w £ V : (j)k{u,w) G ??(} and Wt — {w G V : (j)k{v,w) G ff}. We will show that ipiUt) — Wt implying 
that |AQ+^(u)n7rJ| = \Ut\ = |Wt| = |A^+^(w)nf;| as required. Now, for all w e C/*, we have [u']^ = [w']^^ and 
(jjj;{u' ,w) — LUf{v',ipiw)), which by Lemma [6.51 implies that [(f)k+i{u,w)]j;i = [(l)k+i{v,ip{w))]f', and thus, 
i/'(w) S Wt- Thus, -(/"(C^t) ^ Wt, and analogously by symmetry, ip{Wt) C (7t as required. 

Lastly, since 7? =c'. t and tt' =j-, f', for all a G 5^+1, we have [cr(M)]ff' — [c(i')]t' and (G, 7r',p(cr(u))) =^3 
(i/,f',p(cr(w))). Therefore, |A'(u) n 7r^| = |A*(i;) n f/| for aU 1 < i < A: and aU 1 < t < m as required. D 

So, we arrive at the next lemma shows that k-dim Q implies (k + l)-dini A. 

Lemma 2.44. Let G,H e Q. Let k > 1 and let 7?, f e ft'' where tt w f. Then, (G,7f) =j. {H,f) 
implies (G,i7(7r)) =^. {H,V{f)), and (G,a;^(7r)) =^3 {H,uj*^{t)) implies {G,Is.}j{i!{tt)) =^ (ii, A^(t7(f))) 
and (i7((JJ(7r)),t;(c^|,(f))) < (A^(z7(^)), A^(t;(f))). 

Proof. Let tt' = 1/(7?) and f^' = i'('r). Assume, (G,7r) =^. {H,f). First, from Lemma [2.401 we have 
AG(7r') = 7?' and Ajj(f') = f'. We need to show (G,7r') =^ (ii^,^'). Since (G,7r) =^3- {H,f), there 
exists a tuple bijection 7' : V'' — > y*^ such that (G, 7?, u') =j3 {H,f,j'{u')) for all u' G y*^. First, since 
{G,TT,u') =a {H,TT,v'), there must exist a bijection ifj : V ^ V such that a;jf(u',w) = Wf (7'(M'),'0(t(;)) 
for all w G T^. Now, we define the bijection 7 : V*'^^ -^ V'^+i where for all u G y''+^, we have 7(u) = 
(7(m')i, ...,7(1/')*;, V^(ufe+i)). Let u G F^-'^^ and let u' = p(m). Then, we have {G,Tf,u') =^3 {H,f,-f{u'j) and 
Wff (u', Ufc+i) = Wf (7'(m')i '/'('"/c+i)) implying (G, 7?', m) ee^ (H, f', 7(u)) by LemmaHJH and thus, (G, 7?') =^ 

Secondly, assume (G,a;Q(7r)) =^3 {H,lj'^{t)). Let 7?" = i7(a;Q(7r)) and t" = i7(a;|^(f)). From above, 
(G,7r") =^. (fl^,T")- By Corollary HIl (a;J(7r), w|j(f)) < (7r,f), and then, from Lemma [631 (7r",r") < 
(7f',f'). Therefore, by Lemma [231 (7r",T") < (A^(7r'), A|^(f')) and (G,A^(7r') =^ (7J,AJ^(f')) as re- 
quired, n 

Combining Lemmas 12.431 and 12.441 we arrive at the following result stating the essential equivalence of 
the fc-dini uj and (fc + l)-dim A preorders. 

Corollary 2.45. Let G,H E Q. Let k > 1 and let 7?, f' G 11'° where 7? w t and v{ti) ?» v{f). We have 
(G,w£(^)) =a iH,uJ*HiT)) if and only z/ (G, A^(z7(7r))) =^ (i/, A^(z7(f))). Moreover, if {G,uJU^)) =s 
{H,^*h{t)), then (c^2,(7r),c^J,(f)) ^ (p(A^(i7(^))), p(Al,(^7(f)))). 

Proof. Let 7?' = 1^(7?) and r' = ^^(t^)- Assume (G, cJ^(7r)) =q {H,ijJ*jj{t)). From Lemma [2.441 we have 
(G, A^(7r')) =^ {H,K*jj{f')). Also, from Lemma [211 we have (i7(w^(7r)), i7(w|j(f))) < (A^(7f'), A^(t')): 
which implies (wj(^), w|^(r)) < (p(A^(7r')),p(A|^(T'))) since p(i7(wj(7r))) = w2;(7r) and p(i7(w|f (r))) = 
Lj*jj{f) from Lemma [6.31 since loq{t:) and loq{'k) are A-stable. 

Assume (G,A^(7r')) =^ (7J, A;^(t'))- Let tt" = p(7r') and f" = p(f'). Then, since tt' w r', we 
have (G,7r') =^ {H,t') by Corollary 12.131 which implies that 7?" « f"'. Then, since li k, f and ■?" « 
r", and also, tt" ^ tt and f"' ^ r from Lemma [6.31 we have {tt",t") < (7?, r). Now, from Lemma 
12371 we have (G,a;J(7r")) =s {H,uJ*h{t")) and (p(A^(7r')), p(A|^(f'))) < (^0(7?"), w^(^")), and since 
(cJ£(^"),cJ^(r")) < (7r",f") < (^,f) by Coronary|2I31 (G,cJ£(Tf)) =^ (if,w|,(f)) and (u;£(Tf"), w^(r")) < 
(a;£(^),w|^(f)) by Lemma [232] implying (p(A^(7r')),P(Alf (r'))) < ('^G('?)''^ff(^))> as required. D 

Specifically, we have {G,uJ^) =0 {H,u^h) if and only if (G, A^+^) ee^ (i/,A^+i). Moreover, {G,u%) =a 
{H,Q%) or (G, A^+i) ^^ (if, A^+i) implies {u%,u:%) ^ (p(A^+i),p(A^+i)). 
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3 Sherali-Adams relaxations 

In this section, we give explicit descriptions of the Sherah- Adams relaxations for different graph automor- 
phism and isomorphism polytopes. 

3.1 Birkhoff Polytope 

In this section, we give an explicit description of the Sherali-Adams relaxations of the Birkhoff polytope. 
The Birkhoff polytope (for a given positive integer n) is the polytope whose integer points are all n x n 
permutation matrices: 

B = {X e [0, 1]"^" : Xe = X^e = e}. 

The Birkhoff polytope is precisely Tg when G is the complete graph Kn or a stable graph. It is well-known 
that the Birkhoff polytope is integral (its extreme points are integer) , so the Sherali-Adams relaxations of 
the Birkhoff polytope are not interesting in themselves. However, we use the Birkhoff polytope to illustrate 
the Sherali-Adams approach explicitly, as this serves as the foundation for Sherali-Adams relaxations of 
polytopes we are interested in. We also prove some minor results that are useful later in the paper. We 
begin with a more explicit formulation of the Birkhoff polytope. This is given by the inequalities below: 



wev 

^ X^, - 1 = Vf e 1/, 

wev 

o<Xuv <i Vu,v e V. 

The first step in computing the fc*'* Sherali-Adams relaxation is to multiply each equation above with 
monomials Y[(r s)ei "^'"■' ^'^^ ^^^ ^ — ^^ ^ "f ("' w) ^ Wj ^ G V} where |/| < k — 1. Moreover, we must introduce 
the inequalities JJ, ^-.^j X^v !!(« t))e.7\/(l ^ ^uv) > for all / C J C V'^ where | J| < k. We do so as follows: 



A„ = o v/c y2j/| </c-i,Vue y, 

{r,s)el \weV / {r,s)el 



r,s)el \weV / {r,s)el 

11 Xrs I 2_^ '^'"^'" I ^ 11 ' 

r.s)el \weV / (r.s)el 



Xrs = o yi cv^,\i\<k-i,yvev, 

(r,s)el \weV J {r,s)el 

n ^uv n (i-^™)>o vicjcv^,\j\<k. 

(u,v)ei (u,v)e,j\i 

Next, we linearize the above equations to produce the fc'^'-degree Shcrali Adams extended formulation 
relaxation, S*^. Here, we have replaced X^^ with Xuv and replaced the monomial JJ,^ ^^^j X^v where I (-V^ 
with the variable Yj. 



^Yiu{(u,^)}-Yj = \^ICV^,\I\<k-l,yueV, (4) 

wev 

^ i"/u{K.)} - >7 = yicv\\i\<k-i,yvev, (5) 

wev 
J2 (-l)'^^^'>x>0 V/C JcyMJl <A:, (6) 

ICKCJ 

Y$ = 1. (7) 

Recall that the integer points in B are the set of n x n permutation matrices. The integers points in B^ 
are in bijection with the integer points in B. Indeed, a permutation matrix P G {0, 1}"^" is in one-to-one 
correspondence with the point Yj E B^ if 

Y/ = 1 <(=» Xuv = 1 V (u, w) e /, Yf = otherwise. 
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Many of the inequalities in © above are redundant. In fact, the only inequalities we need to keep are 
Yj > for all / C V^. We show that the other inequality constraints X]/ci<-c/(~l)'^^^'^^ — ^^^ ^^^ 
/CJCl/^,|J|<fc are implied by the constraints dU, ^ and the condition F/ > 0, for all I CV^. This is 
established by induction on |J\/|. This is trivially true when |J\/| — 0, so assume it is true for |J\/| < I- 
Let (u, v) e J\I, with | J \ /| < / + 1. Then, 



ICKCJ 



y: ((-i)i^\^iiA'-(-i)i^\^irKu{(„..)}) (8) 

ICKC(J\{(u,v)}) 

E f(-l)l^\^lyi.-(-l)l^^\^l(>'K- E YKuiiu,^)}]] (9) 

ICKC(J\{iu.v)}) \ V weVMv} J J 

= E f E (-l)"'^"^i^u{KuO}) (10) 

ICKCiJ\{(u.v)}) \weV\{v} J 

= E ( E (-l)'^\">^Ku(K.)})) (11) 

u;ey\{t>} \/CA'C(J\{(tj,u)}) / 

= E ( E (_l)l^\(^u{K>.)})|;^^j (12) 

u;ey\{t>} \(/U{(«,«;)})CKC(J\{(u,?))}) / 

> 0. (13) 

To progress from ([5]) to © , we used equation ^. To show P^ is non-negative, we have that X]/c/f c j(~l)''^^'^'^^ — 
where / = / U {{u, w)} and J = J\ {{u, v)} for all it; G F \ {v} by assumption since | J \ /| < I- 

Thus, we arrive at the following description of B'^. There are still redundant inequalities here, but for 
the purpose of this paper, this description suffices. 



E ^^u{(«,»)} - >/ = \^icvMi\<k-i,yuev, (14) 

wGV 

E ^^u{K.)} - >/ = V/cyM/|<A;-l,V.;e^, (15) 



r2 



17 > V/ C V\ \I\ < k, (16) 

Y^ = 1. (17) 



The following sets of equations, which we will find useful later, are implied by pA^ and p5)) : 

E ^{(«i,i;i),...,(«,,i;,)} = 1 yui,...,Us eV, Vs <k, (18) 

E ^{(ni,«i),...,(«.,i',)} = 1 Vwi,...,Ws G V", Vs < /c (19) 

This set of equations is equivalent to saying that any given sequence of vertices ui, ..., w^ e V must map onto 
to one and only one other sequence of vertices vi, ...,«« G V. We can prove this by induction on s. This is 
true for s — 1. So, let us assume that it is true for s and we will prove it is true for s + 1. 

E ^{(«i, i)i),...,(«a+i, •".+!)} = E ^{(mi,-"i),...,(us,us)} ^ 1 yui,---,us+i ev, 

vi,...,Vs+i&V vi Vs&V 

E Y{(ui,vi),...,(u,+ uv,+ i)} ^ E Y{(ui,vi),...,{us,Vs)} = ^ yVi,...,V,+ i eV. 

Ui,...,Vs + iGV Ui,...,UsGV 
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In the above equations, the first equality follows from equations ([T^ and P^ and the second follows by 
assumption. 

Another useful set of equations, which are also implied by ((Ti)) and (fT5)) are as follows: 

Ylu{iu,v,),{u,v,)}^Q yu,vuV2^V,v^^V2j ^V^,\I\<k^2, (20) 

yfu{(«i,t>).(«2,f)} =0 V-ui,W2,w e y,Mi ^U2,/ C T/2jj| < ;j._2, (21) 

These equations say that no bijection from V to V can map u onto vi and u onto W2, and similarly, no 
bijection can map ui onto v and M2 onto v. We prove this as follows: Let u,v ^ V and / C V'^ where 
\I\ < k — 2. Then, from equation I14[ we have 

/ , yivj{(u,v){u,w)} — Ylyj{{u,v)} = 2^ Ylyj{{u,v){u,w)} = 0. 
mey w£V\{vi] 

This implies that yfu{(M,t))(M,tu)} = for all w G V^ where w ^ v. Similarly, from equation 1151 we have 

/ , yfU{(«,'u)(li),-u)} ^ YlVj{(u,v)} — 2^ ^/U{(M,t))(MI,u)} = 0- 

w&V w£V\{u] 

This implies that yfu{(u,-u)(ii),u)} = for all w ^V where w ^ u a& required. 

In order to relate Sherali-Adams relaxations with combinatorial algorithms, we find it more convenient 
to use a slightly different notation than above for formulating B^ . We use the following fc-tuple notation. 

Definition 3.1. Given k-tuples u,v G V^ , we define {u,v) — {{ui,vi), ...,{uk,Vk)}. 

Using this new notation, we can replace Yj by y(„^i,) in the formulation of B'^ for any I C V'^. The 
reformulation of B^ with this notation is as follows: 

5Z ^(«,») -^(«,t')\{K,«'.)} =0 yu,v€V'',l<i<k, (22) 

J2 Yi^w^v)-Y^u,v)\{{u^,v^)}^0 Vu,^;eF^l<i<fc, (23) 

>"(n,.)>0 Vu,^;eF^ (24) 

Y0 = 1. (25) 

There is a lot of redundancy in the above formulation of B'' since there are many ways of writing / as {u, v) 
for some u,v G V , but we will find the above description very useful. 
We can also reformulate (|18l) and (IT^ using tuple notation: 

Y, Y{u,v) = 1 vu e F^ (26) 

u£V'' 

J2 Y(u,v) =1 "ivevK (27) 

This set of equations enforces that any given fc-tuple of vertices u £ V^ must map onto to one and only one 
other fc-tuple v gV''. 

We can also reformulate (|20l) and (I^TI) concisely using tuple notation as follows: 

y(„,,)=0 Wu,veV\u^cv. (28) 

Recall that u ^c v means that Ui = Uj and Vi ^ Vj for some 1 < i, j < k. 
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3.2 Tinhofer Polytope 

In this section, we give an explicit description of the Sherali- Adams relaxations of the graph isomorphism 
polytope Tg_h for graphs G and H. As described in the introduction, the polyhedron Tg.h is defined 
explicitly as follows: 

There is a nice and intuitive interpretation of the set of the constraints (in addition to X (z B) for the 
Tinhofer polytope. Let u,v € V and X € B D {0, 1}"^"^ and let il^ : V ^' V he the corresponding bijection 
to the permutation matrix X. Then, the expression X^toes (v) ^^^ equals 1 if ip{u) G Sh{v) and equals 
otherwise. Similarly, the expression X]iug<5h(m) X-wv equals 1 [iip~^{v) G (5g(u) and equals otherwise. Thus, 
u is adjacent to 'ip~^{v) in G if and only if ip{u) is adjacent to v in H, or in other words, edges must map 
onto edges and non-edges must map onto non-edges. 

Recall that the last three sets of equations define the Birkhoff polytope, which we generated the Sherali- 
Adams relaxation for in the last section. We therefore determine the Sherali- Adams relaxation of the first 
set of equations. First, we multiply the equations with monomials Y[(r s)£i -^rs for all / C V^ = {(u,v) : 
u,v E V} where |/| < fc — 1. 

[] x„ Yl ^«»- H x^A^o yicvMi\<k-iyu,vev. 

Next, we linearize the above equations. 

Y. ^/uiKt.)}- Y. ^/u{K.)} = V/cyM/|</c-l,VM,z;Gy. (29) 

In order to relate the relaxation 7^ ^^ with the fc-dim V-C algorithm, we find it more convenient to use 
fc-tuple notation as in the previous section. 

Y Y{u,n,)- Y ^(-->=o yu,vev\i<i<k. (30) 

Then, combining the above equations with the equations for the fcth Sherali- Adams relaxation of the 
Birkhoff polytope gives the A;*''-degree Sherali Adams extended formulation relaxation of Tg,h, which we 
denote by Tq jj- 

Recall the integer points in Tg,h are in bijection with isomorphisms from G to H . In an analogous 
manner, the integer points in 'Tq ^ are in bijection with isomorphisms from G to H as follows. A point 
Y G 7g H is integer if and only if there exists an isomorphism ip G ISO{G, H) such that for all u, w C T/*^, 
we have 1^(11, «) = 1 if ip{ui) = Vi for all 1 < i < fc and ^(m,^) = otherwise. 

The fcth Sherali- Adams relaxations of the Tinhofer polytopes Tg and Tg.h are then the polytopes 7g C 
B and Tq }j '^ B respectively defined as the projection of Tq and Tq ^ onto B respectively. Lastly, if 
73 ^ {Z„}, then \AUT{G)\ = 1 and if T^ h = 0, then ISO{G, H)^%. 

3.3 A-Polytope 

We define the semi-algebraic se Qg,h C _B as the set of all A G -B such that 

A„it,iA„2t,2 == y{ui,U2} e Eq,{vi,V2} (^ Eh, (31) 

A„i„iA„2t,2 == y{ui,U2} (^ Eg,{vi,V2} e Eh- (32) 
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Note that Qg,h n {0, 1}"^" — Tgm H {0, 1}"><"^ that is, the set of permutation matrices in bijection with 
ISO{G,H). This is because equations ([31]) and ([32]) enforce that edges must map onto edges and non-edges 
must map onto non-edges. 

We now describe the Sherah- Adams relaxations of Qg.h the first two sets of equations. The first step in 
computing the fcth Sherali-Adams relaxation is introducing: 

Y[ Xrs{Xu,v^Xu,v,)=0 VI<^V\\I\<k-l,{ui,U2}eEGAvi,V2}<^EH, 
{r,s)el 

Y[ Xrs{Xu,v,Xu,v,)^0 V/Cl/M/I <fc-l,{ui,M2}^SG,W,W2}eSH. 

(r,s)e/ 

Next, we hnearize the above equations. 

Yiu{iu,,v^Uu,,v,)} = V/ C V\ \I\ < fc - 1, {ui,M2} e Eg, {wi,«2} ^ Eh, (33) 

Yiu{{uuvi)Au2,v2)} =0 V/cy2j/| < k ~ l,{ui,u2} (^ Eg, {vi,v2} € Eh- (34) 

In tuple notation, these equations are as follows: 

Y{u,v) = Vu, V e V''^^, {ui, Uj} g Eg, {vi, v^} ^ Eh for some 0<i<j<k + l, 
Y{u,v) = Vm, V e V''^^, {ui, Uj} ^ Eg, {vi, v-j} e Eh for some <i < j < k + 1. 

We can write these equations more concisely as follows: 

F(„,„)=0 yu,veV''+\{G,u)^c{H,v). (35) 

Note that we are including the implied equations US] in the above set of equations since (G, u) =c [H, v) 
implies u =c v. Then, we arrive at the fc-th Sherali-Adams extended formulation Qq ^ as follows: 

Qgm = {Ye B'^ : r(„,,„) = Vu,« e V\Cg{u) ^ Ch{v)}. 

Note that we have omitted the variables Y(tj,j) from Qg. fj where \{u,v)\ ~ k + 1 since y(„,j) = and the 
variables y(u,v) do not appear in the Birkhoff polytope B^ . 

Note that trivially {G,u) ^c {H,v) for all u,v € V . Thus, Q^ h = ^^' ^^ ^^"^ ^^^^ iteration is not 
interesting. 

The fcth Sherali-Adams relaxations of the A polytopes Qg and Qg,h are then the polytopes Q^ C B and 
Qg h — B respectively defined as the projection of Qq and Qqh 0^^° ^ respectively. Lastly, if Qq = {In}, 
then \AUT{G)\ = 1 and if Q.%h = 0> then /^©(G, iJ) = 0. 

3.4 Comparison of Polyhedra 

In this section, we prove Lemma 11.31 which states that Qq^h — ^g h — Qg h- First, we show that 
Tq H — Qg H^ which is implied by the next lemma and corollary. 

Lemma 3.2. Let G,H £ Q, and ket Y G Tq h- Then, ^(M^t,) — for all u,w G V'^ where {G,u) ^c {H,v)- 

Proof. Let ui,U2,vi G V such that {ui,U2} ^ Eg, and let I G V^ where |/| < fc — 2. Then, from equation 
(HH), we have 

u)e(5ff(i;i) u)G(5g(m2) wdSnivi) 

The first equality follows since yfu{(Mi,t)i),(to,t;i)} = for all w G ^g('"2) from equations ([^5]) since ui ^ (5g('"2)- 
Thus, it follows that yfu{(Mi,t)i),(M2,«')} = *-* f'^'" ^^^ '^ ^ (^ffCwi). 
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Similarly, let ui,vi,V2 G V such that {wi,W2} ^ Eq, and let I C V^ where |/| < fc — 2. Then, from 
equation ((29|) . we have 

/ , yfu{(«i, «i), («!,«>)} — 2^ yfu{(«i,«i),(to,-u2)} = ~ ^ ^/u{(Mi,t>i),(tu,t)2)} = 0- 

mG(5i:f(D2) weSciui) weSciui) 

The first equality follows since y/u(Mi,i;i)(«i,tu) = foi' ^U ""^ ^i 5ff(w2) fr'om equations (|28p since ui ^ (5G('y2)- 
Thus, it follows that i/u{(Mi,t)i),(u),t)2)} — for all w G (50(^1) as required. D 

The corollary below then follows directly from the definition of Qq ^ and Tq u- 

Corollary 3.3. Let G,H eG. We have f^^ ^ Qg,H' «"^ T'^.h ^ Qg,h- 

We now show that Q^^ ^ Tq h^ which is implied by the following lemma. First, let p : B^^^ — > B^ 
be the projection of B'^+^ onto B^ , that is, for Y e 5*^+^, we define p{Y) G B'' where p{Y)j = Yj for all 
|/| <k. 

Lemma 3.4. Let G,H eG. We have piQa^n) ^ 7g,h- 

Proof. Let Y G Q'^h- Then, for all u,v eV and L <Z V^ where |/| < A: - 1, we have 

22 ^/u{(u,«,)} = 2J zJ ^/u{(«,to),Ki-)} 

= Z1 ZJ Ylyj{{u,w),{w',v)} = 22 YlUliw'v)}- 

The first and last equalities are valid for B^^ and follow from equations (ITil) and P^ respectively. The 
second equality is valid for Q^/j:^ and follows since ^/u{(M,tii),(u)'t>)} = for all w G Sh{v) and it;' G Sg{u) 
from equation ([M)) . and similarly, the third equality is valid for Q'q'^ and follows since yfu{(M,u)),(to'i;)} = 
for all w G 6h{v) and w' G 6g{u) from equation (|55)) . Thus, p{Y) G Tg ^ as required. D 

4 Comparison of Combinatorial and Polyhedral approaches 

In this section, we compare the combinatorial algorithm with the polyhedral approach of using Sherali- Adams 
relaxations. 

In order to compare the combinatorial and polyhedral approaches, we introduce partition polytopes, which 
are a natural polyhedral analogue of vertex partitions. Given a partition tt G II*^ and a polytope P C B'^, 
we define the partition polytope of P with respect to tt, written P{tt), as the following polytope: 

P(7r) ^{Y eP: Y(^u,v) = Vm, v G y^ w ^^ v}. 

Similarly, given ordered partitions tt and r and a polytope P C B'^ , we define the partition polytope of P 
with respect to tt and t, written P(7r, f), as the following polytope: 

p(^,f) = {YeP: y(„,,) - Vw,i- G y^ Hff ^ H.-}. 

We call the important partition polytopes B (tt) and -B (tt, r) as the Birkhoff partition polytopes. There 
is natural bijection between integer points in B^{'k) set of bijections 'ip -.V ^-V such that V'(^i) — ""i for all 
TTi G TT, and similarly, there is a natural bijection between the integer points in B^{'n, r) and set of bijections 
ip '■ V ^ V such that ipiir) = f. 

Note that we have B''{C'^) = Q% and if {G,C^) =g {H,CP^), then B''{C^,C^) = Q*j^^ by construction. 

Using the concept of partition polytopes, we can give a precise definition of when a polytope can be 
considered to contain the same combinatorial information as a V-C equivalence relation. 
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Definition 4.1. Let G ^ Q . We say that a given polyhedron P C B^ and a V-C equivalence relation a are 
combinatorially equivalent with respect to G if for all tt 6 II'^ and for all u,v E V^ , we have (G, aj.(7r), u) ^^ 
(G, Q!Q(7r), w) if and only ifY/y_y\ = for all Y £ P(j^)- 

It follows immediately from the definition that if P and a arc combinatorially equivalent, then P{tt) = 
P{aQ(7T)). Also, as shown in the lemma below, if P is combinatorially equivalent to a, then crucially Q?Q(7r) 
is complete if and only if P(7r) = {I^} or equivalently p^{P{tt)) = {!„} where p*^ : B'^ -^ B \s a. projective 
map. Here, X^ is the extended identity matrix where for all u,v G V^ ^ we have i^ (u v) = 1 if m = ^ and 
otherwise. 

Lemma 4.2. Let P C B'^ and let a be a V-C equivalence relation. If P and a are combinatorially equivalent, 
then for all n G II'^, we have ^^(Tr) is complete if and only if P{tt) = {2^} or equivalently p^{P{'k)) = {In] ■ 

Proof. First, let Y G -P(7r) such that Yi^^.v) = if and only \i u ^ v for all u, w G V*' . Then, from equation 
(P^ . we must have Y^^^u) = 1 for all u eV^, and so, Y = X^. Now, assume that aQ(7r) is complete. We 
must have P(7r) ^ since Y(u^u) 7^ for some Y G P(7r) and u € V'' from the definition of combinatorial 
equivalence. Then, for all Y G -P(7r), we have ^(u.i,) = if and only ii u ^ v for all u,v G V'^, but this implies 
Y = 2,^ for all Y G -P(7r) from above, and thus, P{tt) — {Z^}. Second, assume \P{tt)\ > 1. Then, there must 
exist a, Y G i^(7r) such that Y(,tj„) 7^ for some u ^ v (otherwise there is only one possible Y G -P(7r) from 
above). Thus, (G,aQ(7r),w) =a (G, 0:^(71), u), and cxq(tt) is not complete. 

Lastly, we show that P(7r) = {2^} if and only if p''(P{tt)) = {In}- The forwards implication is clear, so 
we prove the converse. Assume p''{P{tt)) = {In}, and let Y G P{t^)- Then, p^{P{-k)) = {In} implies that 
for all u,w G V where \{u,v)\ — 1, we have ^(u.ti) = 1 if u = w and ^{u.t)) = otherwise. By Lemma |6.13[ 
we have y(„.„) = for all u,v eV^ where |(u,w)| > 2 and u^ v since there must exist u' ,v' G V^ where 
{u',v') C {u\v), u' ^ v', \{u\v')\ = 1 and Yi^^'y) =0. D 

We now extend the definition of combinatorial equivalence to V-C preorders. 

Definition 4.3. Let G,H G Q. We say that a given polyhedron P C B and a V-C preorder a are 
combinatorially equivalent with respect to (G, H) if for all tt, r G II'' and for all u,v E V^ , we have 

1. if (G, TT, u) ^s [H, T., v), then Y(„,t,) — for all Y E P(7r, r); and 

2. if (G, 7?) =5* (H,f), then P('K,f) ^ 0, and moreover, if {G,t:,u) =5 {H,t,v), then there exists 
Y G P(7r, t) such that ^(u,!;) ^ 0. 

We show below that if P and a are combinatorially equivalent, then (G, 7?) ^5 {H, if) implies P(7r, f) = 0, 
and moreover, if 7? « r , then P(Tf,f) ~ P{o*Q{Tf)^a*Q{'K)). Thus, it follows immediately that if 7? « f, then 
P(7r, f) = if and only if (G, ag(7r)) ^5 (iJ, 0^(7?)) and (G, (5^(7?)) =5 (i/, a^(f)) implies (G, 0^.(7?), u) ^5 
(if, q?^(t^), w) if and only if y(„,t,) = for all Y G P(7r, t^) and u,v EV'^ . So, if P and a are combinatorially 
equivalent, then the polytope and the partition contain the same combinatorial information in some sense. 
Also, if a and P are combinatorially equivalent, then it follows that a (the induced V-C equivalence relation) 
and P are also combinatorially equivalent. 

We now show some useful properties of combinatorial equivalence. First, we show that if P and a are 
combinatorially equivalent, then (G, tt) ^5 (_ff, 7?) implies P(7r, t) — 0. 

Lemma 4.4. Let tt^t E n*^ such that for all u,v E V'' , if (G,7r, m) ^5 {H,f,v), then Y(^u,v) — for all 
y GP(7r,f). If{G,n)^siH,T), then P{t(,t) ^%. 

Proof. Since (G, tt) ^5 iH,^), there exists u E V^ such that \U\ ^ |Ty| where 

U ^{weV^ : (G, TT, w) =5 (G, 7?, u)} and W ^{weV'' : {H, t, w) =5 (G, tt, u)}. 

Note that (G,7r, u) =5 {H,t,v) for all m G C/ and u G W^. Now, from ([^5]) . for all u E U, wc have 
Luey" ^{","> = 1 implying I]«evi/ ^{",«) = 1 since for aU v ^ W, we have (G, 7?, u) ^3 {H,f,v) implying 
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that Y(^u.v) = 0. Similarly, from ([??)) ■ for all v £ W, we have that J^ueV' ^{u.v) = 1 implying J2ueu ^{u.v) — 1- 
Then, 

1^1 - E 1 = E f E ^(-)) = E f E ^(«^")) = E 1 = 1^1- 

ui£U ueU \vGW / vGW \ueU / v<£W 

Thus, \U\ — \W\, which is a contradiction. D 

The next two lemmas show that if P and a are combinatorially equivalent and tt « f , then P{n, f) = 
P(a^(^),a^(7r)). 

Lemma 4.5. Let P C B^ and let Tr,T ^ 11^ such that for all w, u G V'' , if (G, tt, u) ^5 {H,t,v), then 
Y^u,v) = for all Y e P{n,f). If {G,7f) =5 {H,t), then P[n,T) = P{dG{n)\dH{f)). 

Proof. Firstly, recall that {G^if) =5 {H,f) implies that (tt , r) > (aG(7?), Qiff(T)) meaning that [u]^ ^ [v]^ =► 
MaG(ff) 7^ H<5H(r), and thus, P(7f, f) 3 P(aG(7?), Qif (r))- Secondly, (G,7r) =5 (i?, r) means that [u]sg{7!) ¥" 
[v]s„{f) '^ {G,Tf,u) ^s {G,T,v), and thus, P{'K,f) C P(cfG(''?), c?ff (t^)) as required. D 

Lemma 4.6. Let P C P*^ and fef 7?, f G II'^ where tt « r suc/i t/iat /or aH u,v ^V*' , if (G, 7?, m) ^5 (P, r, u), 
i/ien Y(„.„) = for all Y G P(7r, f). PFe /laue P(7r, f) = P(aQ(7r), a|^(f)). 

Proof. First, assume (G, cfQ(7r)) =5 (P, Q!|^(r)). Then, by Corollarv l2.13l we have (G, (3^(7?)) =5 (P, ajj^(f^)) 
for all r implying that P(aQ(7r),Q^(7^)) = P(ap+^(7r),a^^(f)) for all r by Lemma HTSl above, and therefore, 
P(7r,T) = P(a^(7r),a^(f)). 

Second, assume ((7,(3^(7?)) ^5 {H , d*^^ (t)) . Then, by Lemma l44l we have P(a^(7r),aJ^(f)) ~ 0. Now, 
there exists an r' such that (G, (3^.(7?)) =5 {H,d^jj{f)) for all r < r', and (G, dQ(7r)) ^5 (P, a^(7')). Thus, 
from Lemma 14.51 we have P{'!t,t) — P{dQ{'!T),d^jj{f)), but P(aQ(7r),a^(f^)) = from Lemma [4.41 and 
therefore, P(7r, f) = P(a^(7r), a^^ (f)). D 

In the remainder of this section, we will show the combinatorial equivalence of the V-C preorders and 
polyhedra we have seen previously. 

4.1 The A- V-C algorithm and the A-polytope 

In this section, we prove the result that A is combinatorially equivalent to Qq, and also that A is com- 
binatorially equivalent to Qq ^. Specifically, we have that A^. is complete if and only if Q^^ ~ {^n} or 
equivalently Qg+^ = {!«}, we have (G, A^) =^ (P, A|f ) if and only if Q^ ^ ^ or equivalently Q% h ^'^■ 
We now show that A and Q^ satisfy the two conditions of Definition 14.31 



Lemma 4.7. Let if, f G H*^. For all u,v £ V^ , if {G,Tf,u) ^^ {H,f,v), then Y(„.t,) = for allY G Q'^(7r, r). 

Proof. First, if (G, n, u) ^^ (P, f, v) or (G, 7?, u) ^g (P, r, v), then clearly ^(u^i,) — for all Y G Tq //(t?, f), 
so we assume that (G, 7?, u) =^ {H,f,v) and {G,n,u) =g {H,f,v). Then, (tt , u) ^a (t^j 'f') nieans that 
|A'(w) riTftl 7^ |A'(w) riTtl for some 1 < t < m and 1 < i < fc. 

First, we derive some valid equations for Qq jj{Tf,f). Now, for all 1 < s,i < to, 1 < i < fc and u £ ifs, 
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we have the following valid equation derived immediately from equations (P^ and (P5|) : 

E ( E ^(«^-) - E ^<-^-) = (36) 

vert \weA'-{v) weA^{u) ] 

^E E ^K-)-E E ^K^) = o (37) 

=^E E ^K-)- E E^K-) = (38) 

^ ^ |A'Hnn|Y(„,^)- ^ 1 = (39) 

=» ^ |A'M n ft|r(„,„) - |A'H n tt^i = o (40) 

^ Y, |A*Hnn|r<„,„) -|AXu)n7r,| ^ r<„.„) =o (4i) 

^ ^ (|A'H n nl - |A'(u) n ^t|) Y(„,„) = o. (42) 

Similarly, swapping the role of tt and r, for all 1 < s,t < m, 1 < i < k and u G fg, we have the following 
valid equation: 

E ( E ^(«^-)- E ^(-,-)) =0 (43) 

^ ^ (|AXu;)n7r,|-lA*(«)nf,|)Y(„,,)=0. (44) 

Using the above equations (l42t and (|44l) and the inequalities that y(„,j) > for all u,w G y'^, we can 
imply that y(„.^) = for all u G tt ^ and u G r^ where |A*(w) n ??( | / |A''(u) n Tf | for some 1 < t < m and 
1 < i < fc. This requires some further argument as follows. 

We will proceed by induction. Let M G N". Assume that Y(u,v) = for all u,v G V^ such that 
|A'(m) n TTtl y^ |A'(i;) n Tt\ and |A*(m) n vrt], |A*(i;) n n | < Af . This is true for M = 0, so let us assume it is 
true for M, and we show it is true Af + 1. 

Let 1 < s < m, M G TTs andw G r^ such that |A*('u)n7rt| ^ |A*(u)nft| and |A*(u)n7rt|, |A'(w)nTt| < A/ + 1. 
First, assume that |A*(m) n vrtj < |A*(t;) n rt|. Then, by equation (|42p . we have 

^ (|AXw) n nl - |A*(w) n TTtl) y(„,^) = o. 

Now, by assumption, Y(„^u,) — for all w G r^ where |A*(z/;) n rt| < |A*(u) n 7?^ |; thus, after eliminating 
those variables, the equation above becomes a sum of non-negative variables with non-negative coefficients 
implying that each variable with a positive coefficient is 0, and in particular, Yi^u,v) — 0- Second, assume 
that |A*(?;) n ft| < |A*(u) n ??< |. Then, similarly, using equation pi)) . we have y(„,t,) =0. D 

Next, we show that using the partitions tt and r where (G, t?) =^, (_ff, f), then we can construct a feasible 
solution Y G Qc.ni^^ ^) ^^^ch that ^(u^i,) > if and only if (G, n, u) =^ {H, r, v). 

Lemma 4.8. Let tt, f G H^ where {G,tt) =^, {H,t). Then, QG//(7r, t) ^ 0, and more specifically, Y G 

QQ^(7f,T) where F0 = 1 and for all u,v G 1^'"', ^(u,i,) = l^sl^"'" = l^^sl^"'" «/ [w]^ = [v]^ = s and ^(u,^) = 
otherwise. 

Proof. First, we need to show that Y is well-defined meaning that for all w G Tfs,v G ft,u' G t^s'^v' G ff 
where (m, u) = (u',u'), if s = t, then s' = t' and \tTs\ = ItTs/J = |ri| = \ft'\, otherwise if s ^ i, then s' ^ t' . See 
Corollarv l6.12l for a proof of this. 
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Clearly, by definition, Y satisfies the constraints ([55]) . ([M| and (P5|) . so we must show that Y satisfies 
equations ((22l) and ((23)) . Consider the two fc-tuples u G tt^ and w G Tf. Then, 



and 

u;£A'(«) «)6A»(M)n7rt luS A'(«)n7ft 

Let u' = (l)i{u,Uj) = (ui, ...,Ui_i,Uj,Ui+i,...,Mfc) and let u' = (t>i{v,Vj) = (ui, ..., Ui„i, u^, u^+i, ...,«&), and let 
I < s' ,t' < m where w' G 7?^/ and w' G Tf. Then, Y(„,^)\{(„,,«,)} = l^(u',t,'), and Yi^^' y) = l^'T^ = l^^s'l"^ if 
s' — t' and Y(„',t,') = otherwise. Thus, in order to show that equations (P^ and (P^ are satisfied, we must 
show that, if s' = t' , then |A'(u) n Tft\\TTt\^^ = ItTs'T^ and |A*(w) n Ts\\fs\^^ = K']^'^, and if s' ^ t', then 
|A'(w)n7rt| =0 and |A'(t;)nf^| =0. 

First, assume that s' = t' . By Lemma WM we have \ns\ = |A*(u) nTTsHTr^'l and |7rf| = |A''(u) n7ft||7r(/| as 
required. 

Next, assume s' ^ t' . First, let w G A^(u). Then, |A'(u) n tt^- | = \{u']\ = 1, but \/^\w) nf^l =0 since 
Ts' must have the same combinatorial type as 7?^/ meaning that Wi_i = Ui for all u G Ts' and the only tuple 
in A*(it;) — A*(u) of that type is u', but u' G Tf. So, [u]^ 7^ [w]f, and thus, |A*(w) n ttj | =0. Similarly, let 
w' G A*(w). Then, |A*(w) n ft/| = \{v']\ = 1, but |A*(u;') 7?^/! = 0, and therefore, [w']^ ^ Hf^, and thus, 
|A*(m) n fsl = as required. 

D 

4.2 The (5-V-C Algorithm and the Tinhofer Polytope 

In this section, we prove Theorem 11.11 bv showing that 5 is combinatorially equivalent to 7^, and also, 5 is 
combinatorially equivalent to Tq h- Specifically, we have that Sq is complete if and only if Tq^^ = {in} or 
equivalently 7^^^ — {In}, we have (G, 6q) =g {H, 5^) if and only if 7g' ^ ^ or equivalently 7^' ^ y^ as 
required for Theorem ll.il We now show that 5 and Tq jj satisfy that two conditions of Definition 14.31 

Lemma 4.9. Let tt, r G II'^. For all u,v e V^ , if {G,tt,u) ^^ {H,f,v), then y(„,t,) = for all Y G 

Proof. The proof of this lemma is analogous to the proof of Lemma 14.91 First, if (G, if, u) ^^ {H, r, v) or 
(G, TT, u) ^g {H, f, v), then clearly Y(ti.i,) — for all Y G 7^' ^(tt, t), so we assume that (G, tt, w) =^ (i7, r, w) 
and (G,7r,M) —^j' (iJ, f, w). Then, (G, vr, u) ^5 {H,f,v) means that |(5Q('u)n7rt| 7^ |(5}^(t;)nft| or |^Q(u)n7fi| 7^ 
(5]Lf (u) n ft I for some 1 < t < m and 1 < i < fc. 

First, we derive some valid equations for P(7r, r). Now, for all 1 < s,i < ?7i, 1 < i < fc and u G tt^, we 
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have the fohowing vaUd equation: 



E E ^(«^-> - E ^(-.''> = (45) 
vert \wes\j(v) wesi,(u) ) 

■E E ^(-->-E E i^(-..> = o (46) 

E E ^(--)- E En"'.^> = o (47) 

Wei's t)ei5jj(t«)nTt ■u)e(5jj(n)nift "£'''* 

=^ E l'^^(^) n ^*l^(".-> - E 1 = (48) 

^ E l'^^(^) n ^*l^{-,-> - Wg{^) n ^tl = (49) 



tU^Ts 



=> E l'^^(^) ^ ^*l^(-.-> - I<5g(") n ^tl E ^{".™> = (50) 

=> E (l'5},Hnrt|-|'5G(")n7rt|)n",-> = 0- (51) 

Similarly, swapping the role of G and H, and 7? and t, we have the following valid equation for all 
1 < s,t < m, 1 < i < k and v G Ts'- 

E ( E ^{".-> - E ^{-.-> ) = (52) 

^ E (I'^g("') n 7?,! - w^{v) n nl) Y(„,.) = 0. (53) 

Using the above equations ([51]) and (|53l) and the inequalities that ^(u,^) > for all u,v S y*^, we can 
imply that Yi^^y\ — for all u g tt^ and w G fg where \S^q(u) n ttjI ^ l^//(^) l"! ''^tl for some 1 < i < to and 
1 < i < fc. This requires an argument by induction that is analogous to the argument in the proof of Lemma 
14.71 by replacing A with ^q . 

Next, we prove that Y(„.i,) = for all m G tTs and v G Ts where |^g(^) '^ "^A v^ l'^k(''^) '"' ''"*! for some 
\ <t <m and 1 < i < fc. First, using equations ([50]) . ([25)) and (l?fl) . we have 

E ^(f .M)) ~ E ■^(i".") = =^ E -^{":'"> ~ E -^('i'.-y) = 0. 

Thus, we can proceed as per the S case replacing 5 with S as required. D 

Lemma 4.10. Let vr, r G 11*'' where {G,tt) =g, {H,f). Then, 7Q^('7r, t) 7^ 0, and more specifically, 

Y E Tq /f (tt, t) where Y(/) — 1 and for all u,v £ V^ , i^(«,i,) = |'?s|^"'" = l^^sl^"'" J/ [u]^ — [w]f = s and Y(uy) — 
otherwise. 

Proof. First, we have (G, tt) =^. {H,t). Thus, from Lemma [4.8[ we have the Y is well-defined and Y G 
2g ni^^''')- Thus, it remains to show that Y satisfies ([50]) . 

Now, for all 1 < s, i < to,, for all 1 < r < fc and for all u G V^ ,v G ft, we have 

E ^(«,»)- E ^K'')= E i^^i"'- E i-*i"' 

wGS^^{v)nTs 'W^S^Q{u)r\7rt W^5^^{v)r\Ts W^5'^{u)r\7Tt 

= \6'H{v)r\fs\\f,\-^ -\6'Giu)mft\\nt\~\ 
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Next, we prove that the last expression is 0. First, note that for all 1 < s,i < m, for all 1 < r < fc and for 
all uGtTs and v £ ift, we must have 

Y^\6h{u)nn,\^Y.\^hi^)^^^\ (54) 

^\7f,\\6h{u)n7ft\^\7ft\\S'H{v)n7f,\ (55) 

^\T,\\Sh{u)nTft\ = \7rt\\S'H{y)r)fs\ (56) 

=» \6h{u) n TTtWntr^ = \6],{v) n fslKr^ (57) 

as required. D 

4.3 The uj-Y-C Algorithm and the A-Polytope 

In this section, we prove Theoreni ll.2l We have seen that A and A are combinatorially equivalent to Qq and 
Qq fj respectively. Moreover, we have seen that the fc-dim w and w are essentially equivalent to {k + l)-dim 
A and A respectively. Combining these facts, the equivalence relation w and the polyhedron Q(^^ (actually 
its projection onto B'') are combinatorially equivalent in the following sense. 

Corollary 4.11. Let G G Q and k > 1. Let n e II'^. We have luq{tt) is complete if and only if Qq^^ (v^n)) = 
{ll^'^^}. Moreover, for all u,v G V^ , we have {G,ijJq{'k),u) ^^ {G , ujq{tt) , v) if and only ifY(^u,v) = for all 

Proof. Let tt' = v{'^)^ and let u' — u' and v' ~ v' . Firstly, from Corollarv 12.411 we have that ^^(Tr) is 
complete if and only if 1\q{it') is complete, and thus, i^G(7r) is complete if and only if Q^^{tt') — {1^+^} 
since A is combinatorially equivalent to Q!^^^ . Secondly, we have {G,uJq{-k), u) ^^ {G,ujq{-k), v) if and only 
if (A^(7r'),w') ^A (A^(7r'),«') since uj}.{tt) = /9(A^(7r')) from Corollary Hm Also, (G, A^(7r'), w') ^a 
(G, AQ(7r'),-y') if and only if Yi^^, „,) = for all Y G Q^'^i'n') since A and Q^"*"^ are combinatorially 
equivalent. The result follows then since {u,v) — {u',v'). D 

Specifically, we have that Wq is complete if and only if O/^^^ = {X^"*"^} or equivalently Q'^^'^ = {^n} as 
required in Theorem 11.21 Similarly, uj is combinatorially equivalent to Qq^j (actually its projection onto 
B^) in the following sense. 

Corollary 4.12. Let G,H E Q and let k > 1. Let tt, r G II'^ where ji k t and v{tt) ~ i'i'r)- Then, 
2G,ff(^('?)''^(^)) 7^ if o-'T^d only i/(G,w^(7r)) =a {H,uJ*h{t)). Also, if {G,u*c;{Tf)) =a {H,uj*jj{f)), then for 
all u,v £V^ , we have {G,uJq{'k), u) ^q {H,bj'^(T),v) if and only ifYi^^,^^ = for all Y G Qq ^(i7(7r), v{t)). 

Proof. Let tt' = i7(7r) and f' = v{t), and let u' = v{u) and v' — v{v). Firstly, from Corollarv I2.45[ 
{G,uJq{-k)) =q {H,lj'^{t)) if and only if (G, ^^(7?')) =^ (Jf, A^(t')), and thus, since A is combinatorial 
equivalent to Qq ^, we have {G,ujQ{n)) =a {H,u}'^{f)) if and only if Qq ^{tt' ,t') ^ 0. Secondly, we have 
{G,Q*a{^),u) tj, {H,u*h{t),v) if and only if (G, A^(7r'), "') ^a {H,K*h{t'),v') since {u*g{^),u*h{t)) ~ 
(p(AQ(7r')), p(A^(r'))) from Corollarv 12.451 Then, since A is combinatorial equivalent to Q.% H^ ^^ have 

that (G, A^(7r'), u') ^^ {H, AJ^(f'), v') if and only if r(„,_„,) = for all Y G 0^,^(7?', r')- The resuh follows 
since {u,v) — {u',v'). D 

Specifically, we have {G,ujq) =0 {H,uj^) if and only if Qq^^ ^ or equivalently Q^jj ^ as required 
for Theorem 11.21 
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6 Appendix 

In this appendix, we prove technical results that are necessary to prove the main results of the paper. 

Lemma 6.1. Let G,H G Q. Let vr, r £ II''' such that {G,tt) =^, {H,f), and let u,v G V^ such that 
{t:,u) =^ i'^T^)- Then, we have [(j)i{u,Uj)]jf — [(l)i{v,Vj)]f for all 1 < i,j < k. 

Proof. We prove the contrapositive. Let u' — (j)i{u,Uj) £ ifs' and v' = 4ii{v,Vj) such that [(l)i{u,Uj)]j; ^ 
[0i(w, Wj)]ff. Then, |A*(u) nifs'l = |{u'}| = 1 since tt^/ only contains tuples of the same combinatorial type 
as u' meaning that Wi — Wj for all w € tTs'. But, |A*(w) Ofs'l — since the only tuple in A'(w) with the 
same combinatorial type as u' is v' and v' ^ Ts' by assumption. Thus, (tt, w) ^^ {'^t^)- CH 

Corollary 6.2. Let G E Q. Let vr e 11*'' where AG(7r) = n, and let u,v £ V^ such that {n,u) =a (tt, u). 
Then, we have (j)i{u,Uj) =,r 4ii{v,Vj) for all 1 < i, j < k. 

Lemma 6.3. Let G £ G- Let tt £ U'' . Then, p{v{t^)) di ??. Lf Ag{tt) = vr, then p(i7(7r)) = vr. 

Proof. Let u,v £ V^ , and let u' — v{u) and v' = v{v). Let tt' = v{tt) and vr" = /9(vr'). First, u ^^ v 
implies u' ~^^i v' by definition of v. Then, u ^^f v by definition of p. Hence, u ^^ v implies u ^^" v. The 
contrapositive is thus u ^ff" v implies u ^^ v, and thus, p{v{'k)) < vr. 

Second, assume AG'(7r) = vf. By definition of p, we have u ^s" w if and only if u' ^^f/ v' . Then, by 
definition of v, we have u' ^^' v' if and only if u ^^ w or u =j; v and ojj;{u,Uk) <iex <^if{v,Vk). But, if 
w =ff ?;, then {G,'r:,u) =^ {H,t,v), and thus, <pi{u,Uk) =if (j>i{v,Vk) for all 1 < i < fc from Lemma [6.11 So, 
w' ^ff' w' if and only if u ^^ w. Thus, u ^^" u if and only if m ^^ w, and vf" = vf as required. D 

Corollary 6.4. Lei Get;. Let n £ n'' . Then, p{iy{n)) < vr. If Aain) = vr, i/ien p(j^(7r)) = vr. 

Lemma 6.5. Let fc > 1. Let G,H £ Q. Let vr, r £ n''' where (G,vr) =^3 {H,f). Then, z7(7r) w i'(t), and for 
allu,v £ V''^^ , we have [u]i7(ff) = [f]i7(T) if and only if [p{u)]j; ~ [/5(w)]f and ijj;{p{u),Uk+i) —uJf{p{v),Vk+i). 
Also, for all tt",t" £ & where (vr, f ) < (tt" ,f"), we have (i7(vr), z7(r)) < (i7(vr"), i'(t")). Furthermore, we 
have (G, vr) =^, iH,T) implies t'(vr) =c*, ^'(t) and (G, ;7(vf)) =|^, {H,i'{f)). 

Proof. Let vr' = ?(vr) and f' = i7(f). Since (G, vr) =^3 (iL, r), there exists a tuple bijection ^' -.V^ ^ V'^ such 
that (G,vr',u') =q {H,T',i{u')) for aU u' £ V^ . Then, for ah u' £ y^ since (G,vf',u') =a (iL, f',7(u')), 
there must exist a bijection tp : V ^ V such that 6jjfr{u' , w) = ojfi{'^'{u'), ip{w)) for all w £ V. We now define 
the bijection 7 : V'^^^ — > y'^+i where for all u £ V'^'^^ , we have 7(1*) = (7(m')i, ...,7(u')A:,i/'(ufe+i)) where 
m' = p(u). Thus, for all u £ V''+^ , wc have [p(u)]ff = [p(7(w))]r and u}f{p{u),Uk+i) = Wf(p(7(")):7(")fe+i)- 
Then, by construction of v, for all u,u" £ V*'^^ , we have u ^j/ u" if and only if 7(11) ^^^ l{u") and thus 
[u]j/ = [7(u)]f/; therefore, vr' ~ r' and [m]^/ = [u]^/ if and only if [p(w)]^ = [pl'y)]? and a;j(p(u), w^+i) = 
a;^(p(i;),i;fc+i). 

Let vr",T" £ n'' such that (vr, f^) < [tt" ,f"). Let u,v £ V^^^ such that [m]^/ = [v]fi . From above, we have 
[p{u)]^ = [p(^')]t and a;ff(/9(u), w^+i) = uj;f(p{v),Vk+i) implying [p(u)]ff" = [p{v)\r" and ^g" (p(") ''"fc+i) = 
a;^,/(p(ti), Wfc^i) since (vr, r) < (vr",r"), and thus, since {G,Tf") =j {H,f") from Lemma 12.111 we have 
Mi7(7r") = b]i7(r") ffom abovc implying {-k' ,f') < {v{'k"),v{t")) as required. 

Assume (G, vr) =^, (Htt), and so, (G,vf) =|j-, {H,f). Let u',u' € 1/'=+^ where [u']jf> = [v'jf and let 
u — p{u') and u = p{v'). We must show that (G, 7?', m') =^ {H, t' ,v'), and it follows that (G, vf') =^, (if, t') 
since vr' « v^'. From above, we have [u\jf = [v]f and a;^(M, u'j, , -^) = Ljf{v,v'j^,^), and so by assumption, 
(G,m) =^ (Hjv) and (G, 0i(u, wj,^_]^)) =(^ (ii, 0i(ti, wj[.^]^)), which implies that {G,u') =^ {H,v'), and thus, 
(G, vf', u') =j' (ff, r', w') as required. 

Assume (G, vf ) =^, {H,f), and so, vf =^, t. Let u',w' £ y'^+i and let u — p{u') and w = p{v'). Then, 
it follows by construction that [uj^f = [v]f and [4ii{u,u'f._^^)];g = [4>i{v , Vk+i)]? for all 1 < i < fc if and only 
if [p(cr(u'))]ff = [p{(7{v'))]^ and [(/)i(p(a(-u')), (T(u')fc+i)]ff = [(j)i{p{a{v')),a{v')k+i)]f for ah tr £ Sk+i- Thus, 
[u']^' = [v']r' if and only if [CT(w')]ff' — [cr{v')]f' and for all cr £ Su+i- Thus, vf' =c', t' since vf' w r'. D 

Corollary 6.6. Let fc > 1 anrf /e< G £ Q , and let vr £ n*^. For all t £li^ where n < t, we have J^(vr) < j^(t). 
Also, ujq{t:) — vr implies Cg{v{t^)) — i'(7r) anrf S{v{'k)) — !^(vr). 
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Lemma 6.7. Let k > 1. Let G,H e G- Let vr, r e fl'' where (G,7r) =^ {H,f). Then, ^(vr) w p{f) 
and for all u',v' G V''^^ , we have [M']p'(ff) — [v']p(f) */ o.'nd only if [h'{u')]jf = [i/(u')]f. Moreover, for 
all u,v E V'' , we have (G, tt, u) =_^ {H,t,v) implies [/3(u)]p(^) = [p(^)]p(t)- ^feo, for all tt" ,t" € II'^ 
where (??, r) < (7r",f"), we /laiie {p{'k),p{t)) < {p{Tf"), p{t")). Furthermore, (G,7r) =^, {H,f) implies 
p{n) ~^, p{t) and (G,p(7r)) ee^-. {H,p{f)). 

Proof. Let tt' = p{n) and f' = /o(t). Since (G,7r) =^ {H,f), there exists a tuple bijection 7 : F*^ — ;> F*^ such 
that {G,TT,u) =^ (iJ, T, 7(m)) for all m S y*^. Now, we define the bijection 7' : V''~^ — ?► y*^^! where for all 
u' e V'^~^, we have 7'(u') = p{'-^{i'{u'))). Since (G, vr, u) =^ {H,f,j{u)) and thus {G,n,u) =^ {H,t,j{u)), 
we have z^(p(u)) = u if and only if i^(p(7(u))) = 7(1*). Thus, for all u' g l/*"'"^, we have [t/(u')]^ = [I'ij' {u'))]f 
since i'{p{i'{u'))) — v{u') and thus 1^(7' (u')) = i^(p(7(i'(u')))) = ^{v{u')). Then, by construction of p, for all 
u',u" G V''^^, we have u' ^j/ u" if and only if 7(u') ^y jiu") and thus [u']^' = [7(1*')]^; therefore, tt' « r' 
and [w']p(ff) = b']p(r) if and only if [i^(u')]ff = [i/(w')]f^ for all u',v' g V''~^. 

Let u,v € V^ such that [G.tt.u) =^ {H,f,v). Then, by Lemma l6.H we have [(l)k{u,Uk-i)]jf = 
[(j)kiv,Vk-i)]f implying that [p(u)]ff' = [p(w)]t' from above since v{p{u)) = (t)k{u,Uk-i) and v{p{v)) = 
4>k{v,Vk-i) as required. 

Let 7r",r" G li^ such that (tt, r) < (tt",-?"). Let u,v E V''^^ such that [u]p'(ff) = b]p(T)- From above, 
we have [j/(u)]^ = [t^(w)]y implying [z/(u)]^// — [iy(v)]frr since (tt, t) < (7r",r"), and thus, from above, 
Mp(ff") = Hp(f") implying {p(tt),p{t)) < (p(7r"),p(r")) as required. 

Assume (G, 7?) =^. {H,f), and so, (G,7r) =^, {H,t). Let m',i;' G V*^^^ where [m']^' = [«']?', and let 
u = t^(u') and v = J^(f'). We must show that (G, ??',«') =^ {H,t',v') and it follows that (G, 7?') ^j-, {H,f") 
since tt' « t'. First, [u'Jj' = [«']?' impHes [u]^ = [i;]? from above, and thus, (G, m) =^ {H,v) by assumption, 
which implies that (G, u') =^ (7J, v'). Thus, (G, 7?', u') =^ [H, f', v') as required. 

Assume (G, 7?) =^, {H,f), and so, (G, 7?) =_j-, {H,t). Let u',w' G y*^"^ where [«']#' = [t'']f' and let 
u = v{u') and w = v{v'). Let cr' G Sk-i- We must show that [cr' («')]#' = [cr'(w')]f'. Since [w'Jj' — [w']?', we 
have [m]^ — [w]?. Let cr G Sk such that p{a{u)) = cr'{u') and p{a{v)) = cr'iv'), which clearly exists. Then, 
[o'(u)]if = [c('f^)]T by assumption. Thus, [cr' («')];?' = [cr'(w')]y/ from above. Thus, 7?' =g, t' since tt' « t'. D 

Corollary 6.8. Let fc > 1 and Zei G E Q, and let tt G H*^. For all u,v E V^ , we have {G,tt,u) =a (G, 7r,w) 
implies p{u) =p(7r) p{v)- For all t E H'^' where tt < r, we have p{tt) < p{t). Also, AG(7r) — tt implies 
CcipM) = p(7r) and S{p{tt)) = p{tt). 

Lemma 6.9. Let tt = {tti, ..., Tr„i} E H*^ where AG'(7r) = tt. Let u E tTs and u' E tTs' where u' = 0i(u, Uj) for 
some 1 < i,j < k where j ^ i. Then, we have (f>ij{TTs) = {(j)i(v,Vj) ; v G 7rs} = tt^/ and Itt^I = |A''(u)n7r<,||7rs' |. 

Proof. First, we show that (j}i,j{TTs) Q tTs'- Let v E tTs, and let v' — (j)i{v,Vj). From Corollarv l6.2[ we have 
v' =7r u' , and thus, v' E tTsl So, 0ij(7rs) C tt^/. 

Next, we show that (f'iji'^s) 3 t^s'- Let v' E tTs' ■ Assume that for all v E V^ where v' = (j)i{v,Vj), we have 
V ^ TTs. Then, \A'{v')r]Trs\ = 0. But, \A^{u')nTrs\ > since u E A''{u')r]Trs. Thus, u' ^^ v' , a contradiction. 
Hence, there exists u G tt^ such that v' = (j)i{v,Vj), and thus, (j)i,j{TTs) 3 tTs'- Therefore, (l)i,ji'^s) = t^s'- 

Now, since (j)i,i{'^s) = tt^/, we have IJu'eTr , ^''{v') n 7rs = tt^, and for all w,w' E tTs', we have A'(w) n 
A'(w') = by construction, and |A'(w) nTr^] = |A''(u;') n7rs| since AG(7r) = tt. Thus, JTr^l = |A'(m') n 
7rs||7rs'| — |A*(w) n 7rs/||7rs/| as required. D 

Definition 6.10. Let u E V^ . We define {u) — {ui, ...,Uk}. 

Lemma 6.11. Let tt = {tti, ..., 7rm} G n*^' where AG(7r) = tt, and let u E tTs,v E tt*. // (u) — {v), then 

Proof Assume (u) — (u), but u ^ v. Since 5(7r) = tt, we may assume that (m) = \u\, ...,Ur\ and (u) = 
{«!, ...,Wr} where Ui = Vi for all 1 < i < r where r > \{u)\ = \{v)\. Now, there exists r < i < k such that 
Ui ^ Vi. Since (u) = (u), we must have Ui = Uj = Vj for some 1 < j < r. Let u' = <f>i{u,Uj) E tt^i, so u' 
differs from v in one less component than u, and (u) = (u'). By Lemma l6.9[ we have |7rs| = |7rs/|. Repeating 
this process until we arrive at v proves the result. D 

Corollary 6.12. LetG,H eQ. Let tt — {rfi, ...,TTm),T — [fi, ...,fm) eH^ where {G,tt) =^, {H,t), and let 
u EtTs,v E fs and u' E Tft,v' E ft- If (u,v) = {u',v'), then \tts\ = |7rt| = |fs| = \Tt\- 
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Proof. The fact {u,v) = {u',v') implies (u) = {u'), so applying Lemma [6. Ill the result follows. D 

Lemma 6.13. Let P C B'' , and let Y e P. Let I C V'^ . IfYj ^ 0, then Yp = for all V D /. 

Proof. We show by induction that Yp = for all I' ^ L where |/' \ /| < r for all r. It is trivially true for 
r = 0, so assume true for r. Let I' ^ I where |/' \ /| = r + 1. Then, there exists /" 3 / where |/" \ /| = r 
and /' = /" U {u, v} for some u,v G V. By assumption Yj" = 0. Then, equations (fTH) imply that Yjr = as 
required. D 
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